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Table. 4.1. First and Second Quantization treatment of conserved particles.

First Quantization Second Quantization

Wavefn −→ Field
Operator ψ(x) = 〈x|ψ〉 ψ̂(x)

Commutator [x, p] = i! [ψ̂(x), ψ̂†(x′)]∓ = δD(x − x′)

Density ρ(x) = |ψ(x)|2 ρ̂(x) = ψ̂†(x)ψ̂(x)

Arbitrary Basis ψλ = 〈λ|ψ〉 ψ̂λ

Change of Basis 〈s̃|ψ〉 =
∑
λ〈s̃|λ〉〈λ|ψ〉 âs =

∑
λ〈s̃|λ〉ψ̂λ

Orthogonality 〈λ|λ′〉 = δλλ′ [ψλ,ψ†λ′ ]∓ = δλλ′

One ptcle Energy p2
2m + U

∫
x ψ̂
†(x)

(
− !

2

2m + U(x)
)
ψ̂(x)

Interaction
∑
i< j V(xi − x j) V̂ = 1

2

∫
x,x′ V(x − x

′) : ρ̂(x)ρ̂(x′) :

= 1
2
∑
V(q)c†k+qc†k′−qck′ck

Many Body
Wavefunction Ψ(x1, x2 . . . xN) 〈0|ψ̂(x1) . . . ψ̂(xN)|0〉

Schrödinger Eqn
(∑
Hi +

∑
i< j Vi j

)
Ψ = i!Ψ̇

[
H (0) +

∫
x′ ρ̂(x

′)V(x′ − x)
]
ψ̂(x) = i!ψ̇(x)

When spin is involved, 1 ≡ (x1,σ1) and δ(1 − 2) = δ(D)(x1 − x2)δσ1σ2 . We shall motivate these axioms
in two ways: (i) by showing, in the case of Bosons, that they are a natural result of trying to quantize the
one-particle wavefunction. ; (ii) by showing that they lead to the first quantized formulation of many-body
physics, naturally building the particle exchange statistics into the mathematical framework.
Table 4.1 summarizes the main points of second-quantization that we shall now discuss in detail.

4.1.1 Heuristic Derivation for Bosons

The name second-quantization derives from the notion that many body physics can be obtained by quantizing
the one-particle wavefunction. Philosophically, this is very tricky, for surely, the wavefunction is already a
quantum object? Let us imagine however, a thought experiment, when we prepare a huge number of non-
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