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Zusammenfassung

Im Rahmen der Festkorperphysik wurde der Tunneleffekt erstmals 1958 beob-
achtet, als Esaki [1] Strommessungen an durch eine Potentialbarriere getrenn-
ten Halbleitern durchfiihrte. Es folgten zahlreiche Untersuchungen, bis Anfang
der 90er Jahre Tunnelexperimente zwischen zweidimensionalen Elektronengasen
(2DEGs) in Halbleiterheterostrukturen moglich wurden [5]. Da diese Systeme
eine reichhaltige Phinomenologie aufweisen, experimentell gut handhabbar sind
und sich eine technologische Nutzung abzeichnet, nehmen sie einen wichtigen
Platz in der aktuellen Forschung ein [4].

In der vorliegenden Arbeit wird das Tunneln zwischen 2DEGs im parallelen Mag-
netfeld und dabei insbesondere die Magnetfeldabhéngigkeit der durch Unordnung
verursachten Stromfluktuationen theoretisch untersucht. Ganz allgemein ist der
Tunnelstrom durch ein Uberlappintegral der Spektralfunktionen, welche die Phy-
sik der beteiligten Systeme in weiten Teilen charakterisieren, bestimmt. Die Be-
sonderheit der betrachteten Anordnung ist nun, da8 sich dieser Uberlapp durch
Variation externer Parameter (wie z.B. Magnetfelder) leicht kontrollieren l48t.
Dies ermoglicht es, die Spektralfunktionen ,,abzutasten®, und dadurch weitrei-
chende Informationen iiber die mikroskopische Struktur der einzelnen 2DEGs
zu gewinnen. Die Charakteristika des unordnungsgemittelten Tunnelstroms wur-
den bereits eingehend von Eisenstein et al. [22] (experimentell) und Zheng und
MacDonald [23] (theoretisch) behandelt. Die gemittelten Grofien beinhalten je-
doch nur einen kleinen Teil der Informationen, die eine detaillierte Analyse des
Tunnelstroms liefert, was in dieser Arbeit anhand der Magnetfeldabhéingigkeit
der Stromfluktuationen gezeigt wird.

Der Zusammenhang zwischen Tunnelstrom und Unordnung erklért sich dadurch,
daf3 der Tunnelstrom durch Prozesse dominiert wird, bei denen ein Elektron von
einem 2DEG zum anderen tunnelt, dann innerhalb dieses 2DEGs propagiert und
schliefflich an einer beliebigen Stelle zuriicktunnelt, um mit dem zuriickgelasse-
nen Loch zu rekombinieren. Da so magnetischer Fluf§ eingeschlossen wird, 148t
sich mittels des magnetischen Feldes die typische Reichweite der zum Strom bei-
tragenden Prozesse ermitteln. Diese sind durch die Ein-Teilchen Green’schen
Funktionen, welche die Propagation von Elektron und Loch in den 2DEGs be-
schreiben, bestimmt. Der mittlere Strom zeigt Struktur auf einer charakteri-
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stischen Feldskala B.[(I)] ~ ™', was der Tatsache entspricht, daf die ,Reich-
weite“ der unordnungsgemittelten Green’schen Funktion durch die mittlere freie
Weglinge [ gegeben ist. Hier wird nun gezeigt, dafl dahingegen die Stromfluk-
tuationen bzw. der typische Strom (einer Probe vor Unordnungsmittelung) auf-
grund der Langreichweitigkeit der ungemittelten Green’schen Funktion wesent-
lich empfindlicher auf das Magnetfeld reagieren. Die charakteristische Feldskala
hierfiir ist durch B.[(AI)?] ~ (y/D/eV)™" gegeben, wobei \/D/eV >> | einer
Diffusionslinge bei vorgegebener Zeit (eV)~! entspricht (D Diffusionskonstante,
eV Potentialdifferenz zwischen den 2DEGs). Das bedeutet, daf§ sich die Mag-
netfeldabhingigkeit der Fluktuationen in einem Bereich messen 14a8t, iiber den
der mittlere Strom noch weitgehend konstant ist.

Zu den Fluktuationen gibt es zwei verschiedene dominante Beitrdge, wovon je-
doch nur einer magnetfeldabhingig ist. Es wurde zudem gezeigt, dafl sich die-
ser magnetfeldabhéngige Beitrag gerade als Fouriertransformierte (beziiglich des
Magnetfelds bzw. des zugehorigen Vektorpotentials) des Produkts der Korrela-
tionsfunktionen beider 2DEGs auffassen 148t. Dadurch bietet sich die Moglich-
keit, iiber die Magnetfeldabhéngigkeit des typischen Stromes rdumliche Korrela-
tionen abzutasten. Setzt man also die Eigenschaften des einen 2DEGs als bekannt
voraus, kann man somit das andere spektroskopieren.

In dieser Arbeit wurde eine storungstheoretische Analyse des Tunnelstroms durch-
gefiihrt. Eine dariiber hinausgehende Untersuchung des Problems erfordert nicht-
storungstheoretische wie z.B. feldtheoretische Methoden, da Divergenzen, die bei
sehr niedrigen Energien in endlichen Systemen auftreten, darauf hindeuten, dafl
das Problem nicht-perturbativ ist. Eine weitere mogliche Verallgemeinerung stellt
die Beriicksichtigung von Coulomb-Wechselwirkung zwischen den 2DEGs sowie
die Behandlung nicht-konstanter Tunnelmatrixelemente dar.

Die Arbeit ist folgendermafien aufgebaut: Nach einer allgemeinen Einleitung wird
in Kapitel 2 die experimentelle Realisierung von 2DEGs kurz umrissen sowie ein
Uberblick iiber Forschungsergebnisse gegeben, die im Zusammenhang mit Tun-
neln zwischen parallelen 2DEGs stehen. Kapitel 3 dient der Einfiithrung der
verwendeten Methoden zur theoretischen Beschreibung des Tunnelstroms. Den
Hauptteil der Arbeit bildet schlie8lich Kapitel 4, in dem sowohl der mittlere Tun-
nelstrom als auch die Fluktuationen detailliert untersucht werden. Dabei werden
zwei interessante Félle unterschieden: zum einen Tunneln zwischen einem ,sau-
beren“ und einem ungeordneten 2DEG in Kapitel 4.2 und zum anderen Tunneln
zwischen zwei ungeordneten 2DEGs in Kapitel 4.3. AbschlieBend werden die
Ergebnisse zusammengefaflt.
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Chapter 1

Introduction

Historically, tunneling as a quantum phenomenon which reflects the wave-particle
dualism has been known in the context of nuclear a-decay soon after the estab-
lishment of quantum theory. First measurements of electron tunneling between
solids separated by a potential barrier can be found in the work of Esaki [1] on
p-n junctions in 1958. In the following years, the activities concentrated on tun-
neling between metals and superconductors as well as between superconductors
themselves. In this context the approach of the tunneling Hamiltonian [2] as a
perturbative many-body theory has been developed. Starting from the 70s a new
class of experiments became accessible due to advances in semiconductor device
technologies. After the pioneering work of Chang et al. [3], extensive studies
on double-barrier structures have been performed; for a list of references cf. [4].
Tunneling experiments between two-dimensional systems are realizable only since
the late 80s [5].

The smallness of the structures needed for the observation of electron tunneling
leads us to the subject of mesoscopic physics. The expression 'mesoscopic’ has
been coined by van Kampen in 1981 [6] in the context of statistical physics and
it has become common use after a work of Imry [7]. The fascinating feature
of this subject is the possibility of observing quantum effects on macroscopic
objects. Mesoscopic physics studies systems that are too large and complex to
find an exact description on a microscopic level since they have too many degrees
of freedom, but, on the other hand, are too small to be fully described in the
thermodynamic limit since quantum interference effects are still important. To
understand what large or small means in this context we have to identify the
relevant length scales of the system. The smallest length scale is the wave length
of the particles, 7.e. at low temperatures the Fermi wave length A\p. Quantum
interference is observable as long as phase coherence is not destroyed by inelastic
processes. Coherent transport through the entire system is possible, if the phase
coherence length L, becomes larger than the system size L. Then quantum
interference effects play an essential role and one can measure finger prints of
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the microscopic details of the sample. The mean free path [ is the relevant scale
to measure the strength of disorder. One can distinguish between ballistic and
diffusive transport. If impurity scattering is negligible, i.e. the system is ’clean’,
the particle motion is ballistic, and therefore the transport properties are governed
by the boundaries or, in other words, the geometry of the sample. This can be
studied in so-called ’quantum billiards’ which are the model systems for research
on quantum chaos [8]. In diffusive systems a variety of interesting phenomena
like weak localization [9], universal conductance fluctuations (UCF) [10], and the
electronic Aharonov-Bohm effect [10,11] have been observed.

Over the last decades technical progress has made it possible to tailor make more
and more sophisticated structures. A specific class of these mesoscopic systems
are two-dimensional electron gases (2DEGs) which can be realized in semicon-
ductor heterostructures [12]. To date, these 2DEGs are the systems of choice for
studying transport because they show a rich phenomenology, the most promi-
nent example being the quantum Hall effect discovered by von Klitzing et al.
in 1980 [13], and are easily manageable experimentally. A wide class of exper-
iments is based on 2DEGs coupled via quantum mechanical tunneling since it
has become possible to build up layered structures of 2DEGs. The simplest
extension of the standard two-dimensional (2D) system is the so-called double
quantum well (DQW), consisting of two parallel 2DEGs separated by a potential
barrier. The first experimental realizations of DQWs only allowed simultaneous
contact to both layers. With this setup one can study the influence of tunnel-
ing on the in-plane transport [14-17]. New techniques for creating independent
contacts [18-21] opened the possibilities for novel experiments, i.e. direct obser-
vation of the tunneling current between 2DEGs has become accessible. The first
measurements have been reported by Smoliner et al. [5].

Measurements of the tunneling current provide information about the intralayer
transport complementary to what can be found from in-plane measurements,
i.e. the tunneling current is a function of the one-particle Green’s functions while
in-plane transport depends on the two-particle Green’s functions. This concept
has been discussed in various works, e.g. [22-25] (furthermore cf. [26] for 1D-
2D tunneling). The dependence of the tunneling current on macroscopic system
parameters can be used to reconstruct the microscopic details encoded in the
Green’s function. Thus, it allows the local transport properties of the system to
be studied without the crude intervention of plugging contacts on the layers.

This work studies the dependence of the tunneling current between two parallel
2DEGs on a weak in-plane magnetic field. Theoretical [23] as well as experi-
mental [22] investigations of this setup are well established. But while previous
investigations concentrated on the average current, the aim of this work is to
show that the study of the current fluctuations yields additional information
which is not contained in the impurity averaged quantities. The determination
of the current fluctuations allows one to describe the field dependence of the



typical tunneling current within a particular system. The tunneling current is
dominated by processes where an electron tunnels, propagates within the layer,
then tunnels back, and recombines with the hole left behind. Since this 'loop’
encloses magnetic flux, the field dependence measures the typical ‘range’ of the
dominant processes. In contrast to the averaged Green’s function, the Green’s
function of a specific sample is long-ranged. This results in a drastic enhance-
ment of the sensitivity to an external magnetic field as will be shown. One can
distinguish the characteristic field scales B.[(I)] and B.[(AI)?] and relate them
to the mean free path [ and the diffusion length Ly = /D/eV (for a given time
interval (eV)™'), respectively. In fact, there are two dominant contributions to
the current fluctuations, only one of them being field dependent. We have shown
that this so-called "Cooperon’ contribution can be seen as the Fourier transform
(with respect to the magnetic field, i.e. the vector potential) of the product of the
correlation functions of the 2DEGs. Thus, the field dependence of the tunneling
current is a means to probe spatial correlations.

The present work is organized as follows: In chapter 2 the experimental realization
of 2DEGs in semiconductor heterostructures is presented. The specific properties
of the tunneling setup are briefly discussed. Furthermore, related theoretical and
experimental results are reviewed, concentrating mainly on two aspects, namely
the influence of magnetic fields and electron-electron interactions, where a key-
word is the ’Coulomb drag’ effect. In chapter 3 the model used in this work is
introduced and the techniques needed in the evaluation of the tunneling current
are given. In addition, the effects of an in-plane magnetic field are discussed.
In chapter 4 the setup is specified, before coming to the calculations. A setup
with two clean 2DEGs serves as a starting point for the evaluation of the tunnel-
ing current between a clean and a disordered 2DEG in section 4.2 and between
two disordered 2DEGs in section 4.3. As mentioned above, we concentrate on
the current fluctuations, but, for completeness, the average current (cf. Eisen-
stein et al. [22], Zheng and MacDonald [23]) is reviewed, too. The main results
are summarized in chapter 5. Furthermore, the prospects for future investigations
in the subject are discussed there. In order to preserve a more transparent struc-
ture in the main text, some technical tools as well as details of the calculations
can be found in the appendices.
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Chapter 2

Experimental situation and
related works

Since tunneling experiments between two-dimensional electron gases have first
been reported in 1988 by Smoliner et al. [5], many investigations followed in
this research area. In order to embed the present work in this context, a selec-
tion of theoretical and experimental results related to tunneling between two-
dimensional electron gases is reviewed in section 2.2. As an introduction before
discussing the more complex system of two coupled two-dimensional electron
gases, in section 2.1 the basic properties of a single two-dimensional electron gas
are presented.

2.1 Two-dimensional electron gases

In order to illustrate what is meant by 'two-dimensional’ (2D), consider a system
as a box of volume L, x L, x L,. If one of these lengths, e.g. L,, is of the order
of magnitude of the wave length of the particles (while the other two lengths are
still much larger), momentum quantization becomes important in that direction,
i.e. k, =n-2n/L, (n € 7). Thus, the system is quasi-2D since the motion in -
and y-direction is free whereas with respect to k, different 'modes’ exist. At low
temperatures, the particle energies are limited by the Fermi energy. Thus, for
L, <M < Ly, Ly, only k, = 0 is allowed and therefore the particle motion is
confined to the x-y-plane. Then the system is effectively two-dimensional.

Technically, these so-called two-dimensional electron gases (2DEGs) can be real-
ized in MOSFETSs (metal-oxide-semiconductor field-effect transistors) and semi-
conductor heterostructures [27]. In semiconductor heterostructures high mobili-
ties are achieved due to the spatial separation of the carriers from their donors.
The properties of heterojunctions between dissimilar semiconductors are governed
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by the lineup of the valence and conduction bands at the interface. One needs
modern growth techniques like molecular beam epitaxy (MBE) [28] to produce
abrupt interfaces with the band structure changing within a few atomic layers.
Furthermore, in order to reduce interface defects, the two materials have to be
lattice matched’, i.e. they have to share a similar lattice structure, a prerequisite
which is almost ideally fulfilled by the system AlGaAs/GaAs.

EC
Eps £

Cc
,,,,,,,,,,,,, EF
EV

EV

GaAs
n-AlGaAs

Figure 2.1: Band diagram of a 2DEG in an AlGaAs-GaAs heterostruc-
ture. (Ey: energy of the valence band, E.: energy of the conduction
band)

AlGaAS has a wide band-gap while GaAs is a narrow gap material (see Fig. 2.1).
Furthermore, AlGaAs has the smaller electron affinity. So-called modulation
doping (MD), i.e. selective doping of the wide gap material (usually with Si),
leads to the diffusion of free carriers from the n-AlGaAs into the GaAs, leaving
positively charged donors behind. This charge separation leads to an electrostatic
potential which causes band bending as shown in Fig. 2.1. An almost triangular
potential well is formed, trapping the electrons within a short distance of a few
nanometers from the interface. Due to this confinement, momentum quantization
occurs in the perpendicular direction whereas free motion within the interface is
possible. However, the particles are scattered by the remote donors, thus limiting
the mobility. This effect can be reduced by placing an additional undoped AlGaAs
spacer between the doped n-AlGaAs and the GaAs layer. Today it is possible to
achieve mean free paths up to about 10pum. The typical parameters of a 2DEG in
AlGaAs-GaAs heterostructures are shown in table 2.1. Since the phase coherence
length is strongly temperature dependent!, experiments have to be performed at
very low temperatures.

IThe T~'/2 temperature dependence given in table 2.1 is only meant as an indication. In
general, a simple power law cannot be found.
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Effective mass m 0.067 - m,

Fermi wave vector kp 1.58 - 105 cm ™!
Fermi energy ep = (hkp)?/(2m) | 14 meV

Fermi wave length A\p = 27/kp | 40nm

Fermi velocity vp = fikp/m 2.7cm/s

Scattering time 7 0.38 — 38 ps
Electron mobility u=7-¢/m | 10" — 10%cm?/(Vs)
Mean free path [ = vpT 102 — 10* nm
Diffusion constant D = vpl/2 | 140 — 14000 cm?/s
Phase coherence length L > 200(T/K) *nm

Table 2.1: Electronic properties of 2DEGs in AlGaAs-GaAs het-
erostructures (taken from [4]).

2.2 Overview on the state of research on tun-
neling between 2DEGs

The system studied in this work is not a single 2DEG, but a structure with two
closely spaced, parallel 2DEGs, i.e. a so-called double quantum well (DQW).
The typical distance between the two layers ranges from a few angstrgms to
some tens of nanometers, depending on the effects one wants to observe. A
schematic picture is shown in Fig. 2.2. Only a selection of the results related to
tunneling between 2DEGs can be presented here. We will restrict ourselves to an
overview on tunneling in a magnetic field (2.2.1) followed by a short discussion
of the impact of tunneling coupling on the in-plane transport (2.2.2) and of the
so-called Coulomb drag effect (2.2.3).

1 P~
Ha Iev k
—
L4 N

Figure 2.2: Schematic potential profile of the DQW structure.
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2.2.1 Tunneling in a magnetic field

Tunneling between two-dimensional systems (2D-2D) is characterized by momen-
tum and energy conservation [29] which is in sharp contrast to 2D-3D or 3D-3D
junctions where tunneling occurs over a wide range of energies (~ er). Thus, the
current-voltage characteristics shows pronounced resonant features since tunnel-
ing is only possible if the energy levels of the 2DEGs are aligned. This unique
property of 2D-2D tunneling allows to extract far reaching information about the
underlying spectral functions of the 2DEGs.

The I-B-characteristics for tunneling between 2DEGs in an in-plane magnetic
field have been investigated first by Eisenstein et al. [22]. The results can be
explained by the displacement of the Fermi surfaces of the two layers (as de-
picted in Fig. 2.3) caused by the magnetic field. Due to momentum and energy
conservation, tunneling only takes place at the overlap of the two Fermi circles.
This ’geometrical’ explanation (originally introduced by Zavlavsky et al. [30] for
2D-3D tunneling) will be discussed explicitly in section 4.1. Similar arguments
apply also for the dependence of the tunneling conductance on the ratio of the
densities at fixed magnetic field. The influence of disorder on these characteris-
tics, leading to a broadening of the resonant features, has been studied by Zheng
and MacDonald [23]. Since these results are essential for the present work, they
will be discussed in detail in chapter 4.

G/ G,

0 B max

Figure 2.3: Tunneling conductance versus in-plane magnetic field, ex-
plained by the relative shift of the Fermi circles. For B > B., tun-
neling is completely suppressed.

Other broadening mechanism could be spatial variations of the barrier width
which result in non-uniformities of the tunneling probability [31] or electron-
electron interactions [24,32]. The importance of the former contribution is not
very well known, yet, since no non-destructive methods of measuring the barrier
width are available so far [33]. Electron-electron interactions are negligible at
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low temperatures due to phase space restrictions. In fact, their contribution to
the linewidth can be distinguished from the other effects by the temperature
dependence [24]. In [23] also the effects of interlayer correlations of the disorder
potential have been studied. It has been shown that only strong correlations
lead to a significant change of the current characteristics at low magnetic fields.
Then disorder no longer suppresses the divergence of the tunneling conductance
at B = 0. However, strong correlations are only expected if the disorder potential
is caused by impurities between the layers. In the usual case of remote impurities
only the layer nearby is influenced while the other 2DEG is screened.

The rich facilities of tunneling spectroscopy have also been demonstrated in the
work of Altland et al. [26] where the idea of using magnetotunneling as a spec-
trometer has been applied to 1D-2D tunneling, i.e. tunneling between a quantum
wire (defined by gates) running in parallel with a 2DEG. The quantum wire be-
ing a one-dimensional electron system (1DES) cannot be described by the usual
Fermi liquid picture as already very weak interactions make it unstable towards a
highly correlated state, the so-called Luttinger liquid (LL). A main characteristic
of the LL phase is spin-charge separation. Although experiments are consistent
with many features of LL behavior, there is no clear evidence for this phenomenon
so far. Altland et al. propose an experiment probing spin-charge separation by
measuring the dependence of the tunneling conductance on the applied voltage V'
and an in-plane magnetic field B. Tuning these parameters, four different regimes
with distinct current characteristics should be found if the 1DES can be described
as a LL. The boundaries of these regimes are determined by the velocities of spin
and charge density waves. Thus, the experiment provides a way to measure the
ratio of spin and charge velocity, i.e. the parameter characterizing the LL phase.

2.2.2 In-plane transport in DQWs

The tunneling resonance described above can also be observed by studying the in-
plane resistance of a DQW at small layer separation when the tunneling coupling
is large. For that purpose the 2DEGs are contacted in parallel. Off resonance,
i.e. when the energy levels of the 2DEGs are not matched, tunneling is suppressed
and, thus, the 2DEGs are decoupled. Then the combined resistance of the parallel
configuration is simply given as Rog ~ (11 + 72) L. At resonance, however, the
particles are not localized within one 2DEG, but rather described by symmetric
and antisymmetric states separated by an energy gap Agas. In this case the
resistance is given as Ryes ~ 7, -+ 7, = [14,34], assuming that the scattering rates
of the two layers are additive. If the mobilities of the 2DEGs are different, the off-
resonance resistance is governed by the higher mobility layer while at resonance
the lower mobility layer is dominant which leads to a resistance resonance.

The influence of an in-plane magnetic field has been investigated in [15, 16, 35].
Again the results can be described by the relative shift of the Fermi circles. Since
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the field decouples the layers, the resonance is suppressed, i.e. the resistance
approaches its off-resonance value. The effect is anisotropic with respect to the
orientation of the current and the in-plane magnetic field. This can be attributed
to the fact that for B || j the current carrying states have momenta in the vicinity
of the (quasi-)intersection points of the Fermi circles and thus still participate in
tunneling. Therefore the suppression of the resistance resonance is not complete
in this case.

A different setup has been chosen in [36] where tunneling coupled mesoscopic
wires have been studied. Under application of an in-plane magnetic field, fluctu-
ations of the in-plane conductance have been observed. With increasing distance
between the layers (corresponding to decreasing tunneling probabilities) the fluc-
tuations become less pronounced. As the electrons stay longer within one well
before tunneling, the probability of inelastic scattering increases, i.e. quantum
interference effects are destroyed. Furthermore, for B > By, (cf. Fig. 2.3) the
fluctuations vanish because the two wells decouple.

2.2.3 The Coulomb drag

In section 2.2.1 intralayer electron-electron interactions have already been ad-
dressed. Now we come to the other aspect of the problem, namely the interlayer
electron-electron interactions which are responsible for the so-called Coulomb
drag effect. The first theoretical discussions of the Coulomb drag between spa-
tially separated electron layers date back to Pogrebinskii [37] and Price [38],
while the earliest direct experimental observation in DQWs has been reported by
Gramila et al. [39].

Drag experiments are usually performed in a regime where tunneling is sup-
pressed, either due to a mismatch of the energy levels, cf. section 2.2.1, or at
large layer separation d > A\p. A current applied to the so-called active layer causes
a current in the other (passive) layer due to the mutual friction. If no current is
allowed to flow there, a voltage is induced, compensating the effect of the inter-
layer force. The ratio of the induced voltage Vjassive and the applied current Iocgive
is called the transresistance or drag coefficient pp which measures the momentum
transfer rate between the layers. The dependence of pp on the layer separation as
well as on temperature is given as pp ~ d~1T? (see e.g. [39,40]). Alternatively to
the drag coefficient, a corresponding interlayer scattering rate 7" can be defined.
The measured values for typical samples do not exceed about 1% of the mobility
scattering rate 77!, i.e. the effect is negligibly small. However, strong disorder
(I < d) [41,42] or interlayer correlations of the impurity potential [43] lead to an
enhancement.



Chapter 3

The current formula

Chapter 2 giving an overview of the research on tunneling between 2DEGs, this
chapter is dedicated to the introduction of the model as well as the techniques
used in the present work. Some technical tools are presented in more detail in
appendix A.

2 z
“ )5
y
1 X
d e
B

Figure 3.1: Schematic setup.

The experimental setup under consideration is shown schematically in Fig. 3.1:
Two parallel 2DEGs are separated by a tunneling barrier of thickness d. A
tunneling current between the layers is driven by the external voltage V. In
addition, a homogeneous, in-plane magnetic field B may be applied.

In order to find a full description of the tunneling current between the 2DEGs,
three main aspects will be addressed in this chapter: a general approach to
tunneling between two reservoirs, the impact of a magnetic field, and finally the
transport properties within the layers themselves, i.e. the influence of disorder.
This suggests to divide the chapter into three parts:

11
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e In section 3.1 the tunneling Hamiltonian formalism is presented and a cur-
rent formula is derived. The formula is kept as general as possible; the
specific features of the setup under investigation will be introduced later.

e The modifications of the formula caused by a weak, in-plane magnetic field
are shown in section 3.2.

e Section 3.3 is concerned with the transport within the layers. The influence
of disorder is reviewed using a diagrammatic approach to calculate impurity
averages. This is necessary to calculate the average current as well as its
fluctuations.

3.1 The tunneling Hamiltonian

The tunneling Hamiltonian was introduced in 1962 by Cohen et al. [2] to explain
experimental results on tunneling between normal metals and superconductors.
Since then it has been widely used to describe tunneling in superconductors,
but the underlying concept is more general. In the following, we will derive a
formula for the tunneling current starting from this concept and also discuss its
limitations. The outline of the section is based on Mahan’s book [44]. For an
alternative discussion see e.g. [45].

Consider two conducting layers, labeled 1 and 2, separated by an insulating bar-
rier. The basic idea is to decompose the Hamiltonian of the total system into
three terms:

H:H1+H2+HT, (31)

where H, (H,) is the Hamiltonian for layer 1 (2) while Hr describes tunneling
through the barrier.

Thus, the tunneling can be separated from the physics within the layers. The H;
(1 € {1,2}) may contain impurity scattering, electron-electron interactions, ... ,
i.e. all the many-body interactions on either side of the tunneling junction. So
far nothing has to be known about their properties. The only assumption is that
the two sides are independent, and therefore

[Hl,HQ] - 0 .

In fact we even need the stronger condition that the Hamiltonians commute
term by term. If H; can be expressed in terms of a set of Fermi creation and
annihilation operators c,t, ¢, while H, is expressed in terms of a different set of
operators C};, ¢, (where k, p are the quantum numbers appropriate for the problem

of interest), we have to claim that these operators anticommute. That is

{ck,c;:} =0, {c, c,t} =0.
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The coupling between the two layers is contained in Ht which has the following
form:

Hy = Z(Tkpc;gcp + T,;‘pc;)ck) , (3.2)
k,p

where Tj,, are the tunneling matrix elements. T}, = T is the complex conjugate
of Typ. The first term describes tunneling from layer 2 to layer 1, i.e. an electron
with quantum number p is annihilated in layer 2 and an electron with quantum
number k is created in layer 1, the amplitude for this being T},, while the second
term describes the inverse process.

The tunneling current is now defined as the expectation value of the rate of
change of the number of particles N; in one layer, say layer 2, multiplied by their
charge —e:

I(t) = —e(Na), (3:3)
where (...) denotes the expectation value and N, = LN,

Since the H; conserve the particle number, i.e. [H;, N;| = 0, the equation of
motion for Ny = Y cfe, reduces to'

Ny = i[Hr,No] =1 (Tipche, — Ticher) - (3.4)
k,p

In the following we choose the interaction representation with Hr as perturbation:
O(t) = e Oe~ " for any operator O, with H being the unperturbed part of the
Hamiltonian, i.e. H = H,+ H,. Then linear response theory? gives the expression
for the current in leading order in Tj,:

t
1(t) = —ie / A ([N (1), He(t')) (3.5)
Multiple tunneling contributions are neglected. This is reasonable as long as the
tunneling probability is sufficiently low.

The next step in the derivation is to introduce the applied voltage V' into the
formula. This can be done by insertion of the chemical potentials of the lay-
ers. For the Hamiltonian with respect to the chemical potential the symbol
K; is used (K; = H; — p;N;). Since the number operators N; commute with
H =K+ pi Ny + paNo, it is possible to separate the exponentials in the time
evolution of the operators: etH! = eFiKlgti(Ni+u2No)t - The commutator of Hr

with the number operators then produces a factor eFi(#2=#)t  The difference of

!For convenience, natural units where i = 1 are used throughout this work.
2The steps leading to Eq. 3.5 are very similar to the derivation of the Kubo formula.
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the chemical potentials can be identified as the applied voltage: po—pu; = eV. We
assume that both sides of the tunneling junction are in separate thermodynamic
equilibrium.

Introducing the shorthand notation A(t) = 7, Tipch(t)cy(t), where now the
time dependence is governed by K; and Ks, respectively, the equation takes the
form

It)=e¢ / t At (e VEA(t) — VAT (), e VAW + VAT )]) . (3.6)

—00

There are four different terms: the contributions containing AA" or AfA describe
the single-particle tunneling while the others are responsible for pair tunneling,
known as the Josephson effect in superconductors [46]. Here, we will only be
concerned with normal conducting materials. Thus, writing

I=Is+1, (3.7)

for the single-particle and the Josephson contribution, we only need to consider

Is=e¢ /dtle(t . t/){eieV(t’ft)qA(t),AT(tI)D . e*iev(t'*t)q/ﬂ(t),A(t')]>}.

— 00

(3.8)

Since the expression in the integral can be shown to depend on the time difference
At = t—t' only, I5 is time-independent. (In the following the index S will be
dropped again.)

The first term has the form of a retarded correlation function while the second
term is just its Hermitian conjugate. Defining

Xiret(t) = =i0()([A(1), AT(0)]), (3.9)
the single-particle tunneling current takes the simple form

I(eV) = —2eIm [X et (—€V)], (3.10)

where X,oi(—€V) is the Fourier transform of Xret(t). For further evaluation it is
convenient to use the Matsubara formalism (see appendix A), i.e.

B
Xliw) = — / dr(T, A(r)A(0)) e

0
B :
= - Z Tka,:,p,/ dT(TTcL(r)cp(T)c;,(O)ck/(O»e“”,

k,p;k',p' 0
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where T, is the T-ordering operator (see appendix A). The correlation function
X (iw) can be shown to be related to X,e;(—eV') by analytic continuation.

Specifying that the quantum numbers &, p are momenta (in the following denoted
by bold letters k, p), X (iw) can be expressed as the product of two Green’s func-
tions. The expectation values are to be taken separately for the different layers,
ie. (Trch(T)ep(T)el (0)ew(0)) = (T, el (1)ew (0))(Tr cp(7)cl, (0)), because the

P’ p’
layers are independent. Hence,

B
X(iw)= Y Tl / dr Gy (k, K'; —7)Ga(p', p; 7) €7 . (3.11)
k,p;k’,p’ 0
Here we assume that the tunneling matrix elements depend only on momentum.
This is not true in general, but it is a good approximation if the energy range of
the particles involved is narrow enough. The tunneling particles do have energies
near the Fermi energy erp within an interval determined by the temperature 7'
and the voltage V. If these energy scales are small (AE < ¢r), the tunneling

matrix elements can be approximated by their value at the Fermi energy.

After frequency summation (see e.g. [44]) this finally leads to the formula [47]

I =2e Z Tka;/p/ g—;[np(e)—np(e-i-eV)]Al (k, k’; G)AQ (p', P; €+ 6V) , (312)
ksp;k,ap, —00

where np  Fermi distribution function: ng(e) = (e +1)~! ﬁ—) 6(e),
— 00

A;  spectral function for layer i:
A; =1(GF — G7) (for the definition of G5 see appendix A).

There is one more simplification that can be done. As the tunneling probability
decays exponentially with the barrier thickness, we assume that tunneling only
occurs perpendicular to the planes because this involves the smallest distance.
Then the tunneling matrix elements are diagonal in coordinate representation.?
In momentum representation they only depend on the difference of momenta:
Txp = T(p—k). By Fourier transforming Eq. 3.12 we get
26 % e

I= Ti d*zd*a’ T, T, /(de[ VIY Ay (x,x'; €) Ay (%, x; € + €V), (3.13)
where the shorthand notation [(del®Vl) = [ 4[np(e) — np(e + €V/)] has been
introduced.

This describes a particle tunneling at point x from layer 2 to layer 1, propagating
within this layer to x’, tunneling back to layer 2 and finally returning there to its
starting point x, thus describing a closed loop (as depicted in Fig. 3.2).

3Here it becomes important that the systems are two-dimensional. Therefore the spatial as
well as the momentum coordinates are two-component vectors in the z-y-plane. Note that the
third dimension will be needed in the implementation of the magnetic field.
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Figure 3.2: Schematic setup with current loop.

Let us summarize. In this section an expression for the tunneling current based
on the tunneling Hamiltonian model has been derived. Linear response theory in
Hr has led to a formula which is quadratic in the tunneling matrix elements and
has the form of a spectral function. In the derivation the following assumptions
have been made:

e The two sides of the tunneling junction are independent systems which only
interact via the tunneling matrix elements. Without tunneling they are in
separate thermodynamic equilibrium.

e The tunneling probability is small enough to be considered as a pertur-
bation. Therefore multiple tunneling events can be neglected and linear
response theory applies. Furthermore, the tunneling matrix elements do
not depend on energy.

e Tunneling occurs only perpendicular to the barrier. Other processes are
negligible since the tunneling probability decays exponentially with dis-
tance.

For these assumptions to be adequate, the experimental setup has to satisfy
some requirements. However, these conditions can be fulfilled in a typical setup.
Therefore they are not too restrictive.

e The barrier has to be rather thick. A typical value would be in the order
of a few tens of nanometers.

e The applied voltage has to be small compared to the Fermi energy. We will
see later that the interesting range of voltages for the problem to study is
even much smaller.
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Having derived the general tunneling formula, the next step will be to implement
the modifications caused by a magnetic field.

3.2 The effects of an in-plane magnetic field

The particular situation to be studied in this work is the application of a weak,
homogeneous, in-plane magnetic field B. In contrast to the application of a
perpendicular magnetic field, this does not give rise to energy quantization in
Landau levels.

Defining a coordinate system as shown in Fig. 3.1 with the z-axis perpendicular
to the planes and the origin situated in layer 2, we can choose a gauge where
the corresponding vector potential A lies in the z-y-plane as well as B itself.
Then its value depends only on 2: A = 2B X e,, where e, is the unit vector in
z-direction.* Within the layers this has the constant values

A(l)=dB x e, and A(2)=0,

where d is the distance of the 2DEGs.

The tunneling formula in momentum representation

The vector potential A is implemented into the Hamiltonian by minimal coupling,
thus shifting the momentum k to K = k—cA.

This implies that the magnetic field dependence can be incorporated in the spec-
tral functions (or Green’s functions) for layer 1 while not affecting the other layer.
Due to the fact that A is constant within the planes, the effect in layer 1 amounts
to a shift of the origin of momentum by ed B x e,.

Then the Green’s function with magnetic field A;(k, k', ¢; B) is just the zero-field
Green’s function where k() is replaced by K, i.e.

Ak K, B)=A(K,K' ¢B=0). (3.14)

4Only in this section three-component vectors are used. After having fixed the values of the
vector potential within the different layers, the additional z-component of the spatial coordi-
nates can be chosen to be an arbitrary constant.
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This leads to the following expression for the tunneling current:

I=2e Z Tp Ty /(de[ev])Al(K, K';e)Az(p',p;e+eV). (3.15)

k,p;k’,p’

The tunneling formula in coordinate representation

Here it is most convenient to attribute the entire magnetic field dependence to
the tunneling matrix elements, giving them a phase factor:

T, —» Txe—ie f:o A(x)dx" Txe—ied(BXez)(xfxo) : (316)

where x, is an arbitrary starting point. The choice of x, does not affect the
result because in the current formula only the product 7T}, appears, so that x,
cancels. Then the tunneling current is given as

2 ~ '
== /d2xd2x' T T} /(dG[eV}) e ledBrea)x=x) 4, (x, x'; €) Ay (x, x; € + €V)..

=73

(3.17)
Thus, the magnetic field enters the equation as the flux ¢ enclosed by the current
loop:

ied(Bxey)(x-x') i/
e ied(Bxez)(x—x") _627r1¢/¢> :

where ¢ = dB(Ax), with (Ax), = (x—x') x e, and ¢, = h/e.

The particular paths within the layers do not play a role as only the distance,
perpendicular to the magnetic field, of the tunneling sites determines the effect.

We now can define a magnetic length
Im = V2(eBd)™!, (3.18)

given by the relation Ap(lm) = 27¢(lm)/Po = 1. Our definition differs from
the usual magnetic length Iy = (eB)~'/? because of the specific geometry. In a
magnetic field perpendicular to the plane, the magnetic length I,y is defined in
such a way that the area F' = 27rl?n encloses one flux quantum. Since in our case
the relevant area does not lie within the plane but between the two layers, and the
distance between them is fixed, only one side of the enclosed area, i.e. the distance
within the z-y-plane, may be varied. Furthermore, only the area perpendicular
to the magnetic field is relevant because ¢ = BF',. In order to account for this,
the definition of [,, has to be chosen in the following way:
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1. The two sides of the relevant area are treated differently, i.e. O(lm) ~ Blnd
(in contrast to ¢(l,) = BI2)). Therefore the magnetic length is proportional
to (eBd) L.

2. The orientation of the magnetic field and the current loop has to be con-
sidered: F| = F'|sinal. Since no particular direction is preferred, we
average over all angles. Thus, the average area perpendicular to the field is
(F\) = F/+/2, which leads to the factor v/2 in (3.18).

Defining the magnetic length [,, in that way, the area F' = 27l,,d encloses one
flux quantum on average.

We will see that both pictures, the coordinate as well as the momentum repre-
sentation, are very useful in explaining the current characteristics. The relative
shift of the two Fermi circles gives us a qualitative understanding of the overall
shape of the I-B-curve. This will be explained in section 4.1 when discussing the
tunneling current between ’clean’ 2DEGs. The enclosed flux sets the magnetic
length in relation with typical length scales of the system. That is why the field
dependence of the tunneling current allows one to study transport properties of
the 2DEGs. This is an important point to be discussed in much more detail in
chapter 4 under different aspects.

3.3 Green’s functions and impurity averages

In the current formula (3.12) two spectral functions appear. As they are combi-
nations of Green’s functions, we now will discuss the properties of those.

The simplest case is that of a ’clean’ system without disorder, i.e. a pure metal.
Neglecting electron-electron interactions, the electrons can be described as free
particles in a Fermi sea. Their propagation is characterized by the unperturbed
Green’s function G£. In general, the situation is more complicated because a
realistic system always contains some impurities. Thus, a particle moving through
the system is scattered. In the discussed heterostructures e.g., the electrons are
scattered from the remote donors. Then it is not possible to calculate the exact
Green’s function for the problem. Assuming weak disorder, the Green’s function
for the disordered system can be obtained using perturbation theory.

The unperturbed Green’s function G

The Green’s function G describing the propagation of a free particle is well
known. The problem is invariant under translation, and the Green’s function
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GE(r —1r'; E) is determined by the differential equation
(E+in— Hy(r))GE(r — 1} E) =6(r — 1), (3.19)

where 1 € R, is an infinitesimal quantity necessary to shift the poles away from
the real axis (see appendix A) and H,(r) = —V?/(2m).

After Fourier transformation we find

1

where €, = k?/(2m).

Or, measuring the energy with respect to the chemical potential (e = E — p),

1
Gr(kje) = ————— 2
> (k;e) P —— (3.20)
with 51{ = €k — U.
The spectral function is a d-distribution:
Ao(kye) =21 (e — &) - (3.21)

In coordinate representation, the form of the Green’s function depends on the
dimensionality of the system. The result in 2D is

GE(r —1';0) = FirvJy(kp |r — v']), (3.22)

where v is the density of states (DOS) at the Fermi energy. J,(z) = £ [dpe™c%
is the zeroth order Bessel function of the first kind.

A system with disorder can be modeled by introducing a random potential V' (r)
into the Hamiltonian: H = H, + V(r) where V(r) = S ,(r) (Nimp: total
number of impurities, u;: potential of the i-th impurity). Each sample is charac-
terized by a specific impurity configuration. The Green’s function for this system
can be very complicated as it depends on the position of every single impurity
as well as the strength (and form) of its potential. Usually, these details are not
available. Furthermore, knowing the Green’s function for one particular config-
uration would not allow one to make predictions for any other sample. That is
why it is necessary to calculate averages over different realizations of the disorder.
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Ensemble averaging

Instead of choosing one specific disorder potential, a random potential is taken
from a certain probability distribution P[V (r)]. For any functional F[V (r)] the
impurity average f,(r) is then defined as

fr(x) = (F[V(r)]) = /D[V(r)] PV (r)]F[V(r)], (3.23)

where D[V (r)] is the integration measure.’

For example, we could choose the positions (Edwards [48]) or the strengths (An-
derson [49]) of the impurities to be random, but in fact, it is not necessary to
know the details of the distribution function. It is sufficient to make the usual
assumption that the distribution function be Gaussian, thus being characterized
by its mean value (V'(r)) and the correlation (V(r)V (r')). Choosing

(V(r)) =0, (3.24)

there are two parameters left, namely a potential correlation strength V, and a
potential correlation length [y :

If [y, is smaller than any other relevant length scale in the system it can be taken
to zero, leading to a d-correlated white-noise potential:

(V()V(r")) =~i(r —1'), (3.25)

where v = V.?/(nl,?) is kept finite by taking the limit V, — oo at the same
time. Now the distribution is characterized by a single parameter, representing
the strength of a point-like scatterer.

Still it is not possible to calculate the impurity average exactly. Thus, an expan-
sion of the Green’s function is needed. This can best be illustrated in the form
of diagrams. Therefore, a brief introduction to diagrammatics follows in the next
paragraph.

Diagrammatics

In order to find a diagrammatic representation of the problem, some rules have
to be specified. The objects involved are the full Green’s functions G(p,p’;e€),
the unperturbed Green’s functions G, (p;e€), and the disorder potential V with
the corresponding symbols (see e.g. [50]):

"Usually the integration measure is given by the product D[V (r)] = limy_oo Hiil dv;,
where V; = V(r;).
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e The full Green’s function G(p,p’) is represented as a thick solid line with
an arrow. The two momenta p,p’ are written at the end of the line with
the arrow pointing from the first argument (p) to the second (p’).

——
p p’

e The unperturbed or ’bare’ Green’s function is diagonal in momentum, i.e.
Go(p,p’) = Go(p)d(p — p’). Tt is represented by a thin solid line with an
arrow labeled by the momentum p.

+
p

e Impurity scattering is represented by a dashed line with a cross at the end.®

The function G(p, p’) then can be written as a sum of diagrams made out of G-
lines and impurity vertices as shown in Fig. 3.3, where the internal momenta have
to be summed over. This corresponds to an expansion in terms of the disorder
potential V' that can be written in a symbolic way (omitting all momentum
arguments):

o0
G=G,+ G, (VG,)".
n=1
X X X
1 1 1
1 1 1
1 1 1
1 1 1
—— = ————— + ——1— + 11+
p p’ p-O(p-p) p p’ p p”’ p’

Figure 3.3: Expansion of the full Green’s function for one realization
of the disorder.

It turns out that it is not sufficient to retain only the leading term in V. Instead,
the perturbation series has to be summed up to infinite order, but only considering
certain classes of relevant diagrams. This will be discussed in the following for
the single-particle Green’s function as well as for the correlations of two Green’s
functions.

6Explicitly, this represents V(pin—pout) because the scattering process involves a momentum
transfer q = pin —Pout -
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3.3.1 The single-particle Green’s function for a disordered
system

First we evaluate the single-particle Green’s function. After averaging the sys-
tem is homogeneous. Therefore the impurity averaged Green’s function becomes
translationally invariant:

(G(p,P)) = 9(P)d(p - P').
This will be represented diagrammatically by a thick line with one momentum
argument.
——

p
Diagrams with single impurity lines disappear under averaging since (V') = 0.
Then, assuming weak disorder, only diagrams with paired impurity lines have to
be summed up (as depicted in Fig. 3.4).

X (A)
e = —_——  + 4>—;>’—\%R
p p p p p
X X (B)
+ 7/ N 7/ N
p p’ p p" p
X
XX (€) SN (D)
//// ;>:/ \\\ //X\\
+ 4 4 N N + 7/ \
p p’ p" p-p'tp’ p p p p p p
+

Figure 3.4: Expansion of the full Green’s function after impurity av-
eraging.

We now can distinguish reducible and irreducible diagrams. Diagrams that can be
split into two diagrams by cutting one G,-line are called reducible (e.g. diagram
B in Fig. 3.4). Le. these reducible diagrams can be built up out of irreducible
diagrams. Collecting all irreducible diagrams (without their external G,-lines) in
the so-called self-energy 3, the impurity averaged Green’s function g is given by
a Dyson equation (see Fig. 3.5):

G

9=Go+Go Y (BGo)"=Go+GoBg < g
n=1
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——— = —_— +
p p p p

Figure 3.5: Diagrammatic representation of the Dyson equation.

Thus, we are able to sum up the perturbation series to infinite order. But we can
not calculate the self-energy, which still consists of an infinite series of diagrams,
exactly.

The contribution to the self-energy of diagram A in Fig. 3.4, being the lowest
order contribution in V, is given by

Efu»:=/hmn«qx%ﬁo—qmﬂd—q»

where the shorthand notation (dg) = L?/(47?) d?q has been introduced.

Since the potential is d-correlated in real space, its Fourier transform does not
depend on momentum. Therefore ¥ is constant in momentum space, too. Hence,

Ty = 7/(dp)Gf(p, €) . (3.27)

The real part of 3 only leads to a shift in energy and therefore can be absorbed
in the ground state energy, while the imaginary part is

ImEf = Fymw /(dp)é(e—fp)
9 1
— Fylty=Fo, (3.28)

defining the mean free time 7. The associated length scale is the mean free path
[ = vpT (vp Fermi velocity).

In the case of weak disorder 7=! < ep, the self-energy can be seen as an expansion
in the small parameter (kpl) ™! ~ (ep7) ! where the leading order contribution is
given by the expression calculated above. Diagrams with intersecting impurity
lines (as diagram C in Fig. 3.4) are suppressed due to the requirement that the
momenta of all Green’s functions be near the Fermi surface; for such a diagram
this is only the case for a limited range of angles while for the relevant diagrams we
have a free momentum integration. Diagrams like D in Fig. 3.4 could be included
by making Eq. 3.27 self-consistent, i.e. replacing G, by the impurity averaged
Green’s function g, but in fact the corrections are higher order in (kpl)™!, too.
Therefore the result obtained above (3.28) is sufficient to determine the self-
energy Y in the self-consistent Born approximation (SCBA).
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Inserting this into the Dyson equation, we finally get the averaged Green’s func-
tion

1
+ . _
97 P.6T) = () T
1
- iz (3.20)
P 27

We can also have a look at the spectral function a(p,¢;7). The §-distribution
of the unperturbed problem is smeared out, giving a Lorentzian of width 77!
instead:

(3.30)

1
a(p,€71) = L .
(p ) (G—fp)2+ﬁ

In coordinate representation, disorder leads to a decay of the Green’s function on
the length scale of the mean free path, 7.e.

=

g —17)=Gir—1)-e 2 . (3.31)

Thus, the definition of 7 is justified; it represents the typical decay time of a
plane-wave state.

3.3.2 Correlations (G*G¥)

T T T T
l l : 1 ><\><’ !
+ )I< + 7|< X + 7|< + X + )I<
I , AN
I I L I \ I

(a) (b) (c) (d) (e) (f)
Figure 3.6: Diagrams contributing to (G*GT).

Having found the impurity averaged one-particle Green’s function, we now can
go on to calculate correlations between two Green’s functions. We will see that,
depending on their momentum arguments, one of two different contributions is
dominant.

The expression to evaluate is

(G*(p1,P}; €1)G™ (P2, Pa; €2)) -

Again we have to sum up different diagrams with paired impurity lines as shown
in Fig. 3.6. The solid lines here represent impurity averaged Green’s functions
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already. The disconnected part is given by diagram (a) which is just the product
of the two Green’s functions averaged separately. Hence,

(GTGT) =g"g™ +(GTG)..

As before, diagrams with intersecting impurity lines like (d) and (f) only give
small contributions due to restrictions on the angular integration. The dominant
diagrams are series of ladder diagrams (starting with (b), (c), ...) and mazimally
crossed diagrams (starting with (b), (e), ...). The contribution of these connected
diagrams can be written as

(GT(pP1,P1;€1)G (P2, Pa; €2))c (3.32)
= g+(p1,61;7)g_(p2,eQ;T)F(pl,p2,p'1,p'2;61,62)g+(p'1,61;7)g_(p'262;7),

thus defining the reducible vertex function T'(py, p2, P}, Ps;€1,€2).” By overall
momentum conservation one gets a d-distribution d(p; —p2 —pj+p5), i.e. only
three momenta are independent. As we will see, I' does not depend on all the
remaining momenta and the two energies, but only on certain combinations of
them.

P p P p p P p p p
pP+Q -p+Q pP+Q  -p"+Q -p+Q pP+Q  -p+Q -pU+Q -p+Q
! + ) + : +
: !
P p P p’ P’ P p p p

Figure 3.7: Ladder and maximally crossed diagrams.

Ladder diagrams

Let us first treat the summation of the ladder diagrams. Due to momentum
conservation at each vertex, the momentum difference q = p; — p2(= pj —pP5)

"In the case of two-particle functions, a diagram is called reducible if it can be split into two
separate diagrams by cutting two g-lines. The vertex function I' contains diagrams with this
property (but also irreducible diagrams!).
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is constant and T'j,q only depends on this difference. Furthermore, the energy
dependence is determined by the difference w = ¢ —€3. Therefore we change
variables from py,p2 to p,q and €,€; to €,w. Then T'q(q,w) is given by a
Bethe-Salpeter equation, the two-particle analogue of the Dyson equation (see
Fig. 3.8):

Dhaa(q,w) =7+ [ /(dp”)g+(p” +a,e+w;T)g(P",67) [Taa(q,w) .

N

-~

= 1_[lad ((1; (,U)

Therefore we only have to calculate the irreducible vertex function IT,4(q,w) in
order to get

f}/

Naa(q,w) = ) 3.33
1a (@ ) 1 — yIjaa(q,w) (3.33)
¢ ¢ —T < ¢ ¢

[a = E + E [
> > - - >

Figure 3.8: Diagrammatic representation of the Bethe-Salpeter equa-
tion.

Anticipating the result that I'1,q diverges for ¢,w — 0, we can approximate Ilj.q
for small ¢, w:

Mg (q, w) ~ 27 L*vr(1 + iwt — Dg*1) , (3.34)
where D = %U%T is the diffusion constant.
Recalling that v = (27rv7) ™!, we finally obtain the sum of the ladder diagrams:

1 1
2nL2v71? Dg? — iw

Flad(Q; w) = (3-35)

This is a diffusion pole. Therefore I'j,q is called a diffuson and denoted as D(q,w)
in the following. It is the dominant contribution for p; ~ ps.

Maximally crossed diagrams

This class of diagrams has first been considered by Langer and Neal [51]; for a
detailed discussion of maximally crossed diagrams (in the context of weak local-
ization) see e.g. [9].
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A maximally crossed diagram can be converted to a ladder diagram by reversing
one G-line (see Fig. 3.9). Since now all the arrows point in the same direction,
momentum conservation at the vertices requires the momentum sum p;+p5 to be
constant. The energy dependence is the same as for the ladder diagrams. Then
these diagrams can also be summed with a Bethe-Salpeter equation. The result
has obviously the same form as the one obtained above for the ladders, but it now
involves the momentum sum Q = p; +p5 instead of the momentum difference

q = p1—DP2, i.c.

1 1
r w) = . 3.36
me(Q, ) 2rL2v7? DQ? — iw (3:36)
P+Q PHQ P+Q P+Q PHQ PO
— e«
SN 1 1
p p” p p p p

Figure 3.9: The equivalence of maximally crossed and ladder diagrams.

This is called a Cooperon and denoted as C(Q,w) in the following. It is the
dominant contribution for p; ~ —p5.

Collecting the results, we get the following expression for the reducible vertex
function:

['(p1, P2, P1s Py; €1, €2)
D(pl—p2,€1—€2) for p1 = p2,

(3.37)
C(p1+Dp5, €1—€2) for p1 =~ —py,

= §(p1—p2—pPi+Ps) X {

where the functions D and C are given by Eqs. 3.35 and 3.36, respectively.

In both cases there are two ’free’ momenta left. One momentum argument has
been fixed by momentum conservation while a second momentum argument is
restricted to a small relevant range where the contributions are dominant.

The above formulae have been obtained for the correlation (G*G~). This can
be fixed in the notation by writing T"~. To get the corresponding results for
(G~GT), one just has to take the complex conjugate of T' which is equivalent to
replacing w by —w, i.e.

I tw)=T") (w)=T" (~w). (3.38)
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Averages of the form (GTG™) or (GTG™) are given by the disconnected parts
gtgT and g~ ¢, respectively. Due to the pole structure, the vertex function II
vanishes. Thus, I'"* =T'"~ = ~, i.e. no long-ranged correlations exist.

Now all the methods needed for the evaluation of the tunneling current have been
addressed. First, the model of the tunneling Hamiltonian has been introduced and
its scope of validity has been discussed. Then the coupling to the magnetic field
has been implemented into the formula for the tunneling current. The results have
been shown in momentum and coordinate representation. And finally, the one-
particle and two-particle Green’s functions of the 2DEGs have been evaluated,
using a diagrammatic approach.
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Chapter 4

Applications

The formalism established in the previous chapter leads to a considerable reduc-
tion of the complexity of the problem. Now, all physical properties of the system
are contained either in the tunneling matrix elements or in the spectral functions
of the different layers. Thus, we have to specify these quantities when studying
a particular setup.

The tunneling matrix elements

In the derivation of the tunneling current (Egs. 3.15 and 3.17), two assumptions
about the tunneling matrix elements have already been implemented:

e The energy dependence of the tunneling matrix elements can be neglected
as the particle energies involved are close to the Fermi energy.

e Since the tunneling probability decays exponentially with the barrier width,
the dominant process is tunneling perpendicular to the barrier. Conse-
quently other processes are neglected, i.e. Ty = Tyxd(x—x').

Now the spatial (or momentum) dependence of the tunneling matrix elements
has to be established. One can imagine two extreme opposite setups: Either the
tunneling matrix elements are constant in space, or tunneling is only allowed at
some specific points of the plane. In the latter case the distance between these
tunneling centers would determine the behavior.

Unfortunately it is out of the scope of the present work to study both situations.
Therefore all the investigations will be restricted to the uniform case

T.=T.

This implies that momentum is conserved in tunneling: Ty, = To(p—k). In
general, ¢.e. in arbitrary dimensions, only the momentum parallel to the barrier
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is conserved, but in a 2DEG this is equivalent to conservation of total momentum.
This specific feature of two-dimensional systems will be important in the following
as it leads to sharp features in the 7-V- as well as the [-B-characteristics.

The assumption of uniform tunneling requires the distance d between the 2DEGs
to be constant with high precision. As the tunneling probability depends expo-
nentially on the barrier width, even small variations would lead to preferential
tunneling at the points where the barrier is thinnest. It is difficult to say to what
degree this can be realized experimentally because it is not possible to measure
directly the homogeneity of the sample. As well as disorder, interface roughness
would lead to a smearing of the current characteristics due to momentum non-
conserving tunneling processes [52]. Nevertheless, tunneling experiments with
2DEGs (see e.g. [22]) are in good agreement with theoretical approaches assum-
ing constant tunneling matrix elements. Therefore Ty = const. should be a
reasonable approximation.

Incorporating this into the formulae (3.15) and (3.17), the final expression we
will use for the calculation looks as follows:

I = 26|T|QZ/(de[eV})Al(K,K';e)AQ(k',k;e+eV) (4.1)

Kk’

2 i !
_ L_i |T|2/d2xd2x//(d6[eV})eleA(XX)AI(X,X’;G)AQ(X’,X;G—F@V) (4.2)

Furthermore, we assume that the disorder potentials of the 2DEGs are uncorre-
lated. As mentioned in chapter 2, correlations are only important if the impu-
rities, 7.e. the charged donors, are placed between the 2DEGs. In a usual setup
this is not the case. The influence of correlated disorder on the average tunneling
current has been investigated by Zheng and MacDonald [23].

In the calculations the momentum representation will be used. Applying the
impurity averaging as described in section 3.3.1 to formula (4.1), we get

(I) = 2¢ |T)? Z /(de[ev}) a1(k — eA e 7)ag(k, e +eV; 7). (4.3)

The averages can be taken separately because the disorder potentials of the two
layers are uncorrelated. Then we can also write down immediately the formula
for the average of the current squared:

2y = art Y / (deV)) ('Y (4.4)

k.k';p,p’

(A1 (K, K'56) A1 (P, P €)) (Ax (K k; e+eV) Ay (p', p; € +eV)) .

Since, depending on the chosen setup, different contributions are important, this
formula will be kept in its general form for the time being.
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The 2DEGs

As discussed in section 3.3, the 2DEGs are characterized by their chemical poten-
tial p and their mean free time 7. The condition that the chemical potentials be
matched has already been incorporated in the derivation of the tunneling formula
(see section 3.1). However, the mean free time 7 can be chosen independently
for each layer. Hence, there are three different setups to be studied. As we will
see, they show similar results for the average current but not for the current
fluctuations.

e For pedagogical reasons we first discuss tunneling between two clean 2DEGs
(T—00) in section 4.1. Even this simple case gives a very intuitive picture
of the magnetic field effects on the current. Therefore this section provides
a basis for discussing the general features of the /-B-characteristics. Only
the average current has to be calculated since (I?) = (I)?, obviously.

e In section 4.2 tunneling from a clean to a disordered 2DEG is studied. First,
we discuss the influence of disorder on the average current before coming
to the current fluctuations (AI)?. The different contributions are identified
and their field dependence is evaluated.

e In section 4.3 tunneling between two disordered 2DEGs is studied. As
already mentioned, the impurity potentials on either side of the junction
are supposed to be uncorrelated. The structure of this section follows the
same lines as the previous one.

The calculations are performed at zero temperature. As the temperature depen-
dence is contained in the Fermi distribution functions np, the extension to finite
temperatures only changes the energy integrations. All the assumptions made in
the following stay valid for low temperatures (kg7 < 7).

4.1 Tunneling between two clean 2DEGs

Let us recall the formula (4.3) for the tunneling current derived in the previous
chapter:

(Iy = 2¢|T|? Z /(de[ev}) a1k — eA,e;7)ag(k, e +eV; 7).
k

To evaluate this formula, we now have to specify the spectral functions. As both
layers are clean, the unperturbed spectral functions A?(k,€) = 27d(e — &) are
inserted in place of the a;(k, €; 7). Hence,

1y =2 TPy / (V1) 26 (c — E_on) - 270(c + €V — &) . (4.5)
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In the continuum limit the sum over k is replaced by an integral:

> w o /d“”/dfk,

where L? is the area of the plane.

Because of the d-distribution the integral over & can be performed easily. For
small enough voltages the energy integration is confined to a narrow region around
the Fermi energy. Therefore we can neglect the energy dependence of k£ = k|
by identifying it with the Fermi momentum kp. Integration over the Fermi dis-
tributions then just gives a factor eV, and we are left with an integral over the
angle ¢:

2

2
(IV(B;V) = eV |T|” L*v /dgp d(—eV + evpAcos g — %) (4.6)
0

0((2kp —eA)eA—2meV)

= 4e?V |T| L*v
eA \/4]€2 6A 4 2meV)

(4.7)

with A = |A].

. 2 . .
Introducing a reference current I, = e|T|” L?v, the result can be rewritten in
terms of dimensionless quantities:

(80
I,

tp

2z4/1 — (z + iE)2

where © = eBd/(2kr) = B/Bmax and tp = €V/ep. Bumax = 2kp/(ed) is the
maximum field for which tunneling occurs. Thus, x ranges from 0 to 1 whereas
tr, being the ratio of the applied voltage and the Fermi energy, has to be much
smaller than 1 (as discussed in section 3.1).

o((1-r)r =), (4.8)

(SL’, tF) =

At zero magnetic field, no tunneling current flows. The current only sets in at
© = $(1—+/T—tp) where it is divergent. With increasing magnetic field it quickly
decays, before at xr = %(1+\/1—tp) another divergence occurs. For larger fields

the tunneling current is completely suppressed again.

Instead of the current, let us now discuss the tunneling conductance. Without

magnetic field the differential conductance G(V) = 2L is proportional to §(V);
i.e. tunneling is only possible at zero bias. With magnetic field the zero-bias

differential conductance G(B;0) is given as

9(2]471:‘ - GA)
4k — (eA)?

G(B;0) = 4¢* |T|? L2 (4.9)
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10

X

Figure 4.1: Tunneling conductance between two clean 2DEGs as a
function of the magnetic field (in dimensionless units).

We can also introduce a dimensionless conductance g = G(0) - ep(el,) ™"

() = 20— 7)

= i (4.10)

The tunneling conductance diverges for z — 0 (or B — 0) as well as for z — 1
(or B = Bpax)- The region in between is rather flat, reaching its minimal value
g=1atz=1/y2. A plot is shown in Fig. 4.1.

Qualitatively this result can be explained by the relative shift of the Fermi circles
of the different layers [22] as represented in Fig. 4.2. Due to momentum conser-
vation, tunneling only takes place at the overlap of the two Fermi surfaces. For
B =0 the origins coincide and all k with |k| = kg contribute to the tunneling
conductance. With increasing magnetic field, the origins move away from each
other. At intermediate fields there are only two points of intersection, resulting in
a small tunneling conductance. Reaching B = By« the circles touch tangentially,
causing another rise of the tunneling conductance. For even stronger fields the
two Fermi circles are decoupled. Then tunneling is completely suppressed. These
sharp features are characteristic for two-dimensional systems where energy and
momentum are conserved in tunneling.

As we will see in the next section, the divergences are smeared out in the presence
of disorder.
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B=0 0<B< 2k /ed B= 2k, /ed B> 2k, / ed

Figure 4.2: Qualitative picture of the I-B-characteristics.

4.2 Tunneling from a clean to a disordered 2DEG

Technical progress made it possible over the last few years to produce very pure
samples with mean free paths up to ~ 10um. An additional difficulty here is that
we need a clean layer close to a disordered layer. In fact it is possible to grow
multi-layers with mean free paths differing by more than an order of magnitude
(see e.g. [16,53]). Then, in comparison with the more disordered layer, one layer
can be considered as clean. In the following, we choose layer 2 to be clean whereas
for layer 1 a finite mean free time 7 is introduced.

4.2.1 The average tunneling current

Starting from the general formula (4.3),
Iy = 2¢ |T| Z /(dé[ev})al(k —eA, e 7)ay(k, e+ eV,
k

we now have to insert the unperturbed spectral function A$(k,e+eV’) only for
the clean layer 2, whereas for layer 1 the impurity averaged spectral function
ai(k—eA, € 1) is needed:

1

= 2¢|T|? eleV] T 2o (e + eV — ) )
(1) = 2¢ |T| Xk:/(d a2 =6 (@)

Up to the last p-integral the calculations are exactly the same as in the previ-
ous chapter. But since the spectral function for layer 1 is not a J-distribution
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anymore, instead of Eq. 4.6, we get here:

2w
V [d 1
0y = e|TP 1252 /i - o @12)
T 2T (—eV + evpAcosp — SN2+ L

The remaining integral has been solved analytically, but the exact results are
quite lengthy and therefore not very illustrative. The full formula can be found
in appendix B.1.1. Here we will restrict ourselves to a discussion of the general
features as well as the asymptotic behavior.

In the case of two clean layers, the current has been expressed in terms of the
dimensionless variables z = B/ By for the magnetic field and tp = eV//ep for
the applied voltage. Now, the additional parameter ¢ = krl as a measure for the
strength of disorder is needed. Note that ¢ is the dimensionless conductance in
2D.

Without magnetic field, the integrand of Eq. 4.12 does not depend on ¢ and we
simply get

Vo1 ot
s S (4.13)

Iy =¢|T|? o :
< > 6| | - (6V)2+# 1+(th)2
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Figure 4.3: I-V-characteristics for different strengths of disorder.

The tunneling current depends only on the product tpg = 2eV'7. It is maximal
for trg = 1 where it reaches the value (I) = I,. A plot is shown in Fig. 4.3.
For tpg < 1 (corresponding to eV < 77') the current is linear in V, i.e. Ohmic
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Figure 4.4: Tunneling conductance for different strengths of disorder
as a function of the magnetic field.

25 T T T 25

no disorder —— no disorder ——
=10 ----eeee =10 -

20 9=5 B 2} g=5 -

15 -

10 foere

05

L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.9 0.95 105 11

1
X X

Figure 4.5: Details of Fig. 4.4 for x ~# 0 and x ~ 1.

behavior is recovered. Concerning the conductance, the d-peak at V' = 0 of the
clean systems has been broadened, the width of the resonance being 7.

In Fig. 4.4 the dimensionless conductance g(z;g) is plotted for different values
of g. As we can see the current shows a strong dependence on g only near z =0
and r = 1. These regions are shown in more detail in Fig. 4.5. By contrast,
disorder has only a very weak effect on g in the flat region in between. The
g-dependence of the tunneling conductance for different values of the magnetic
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field is shown in Fig. 4.6. At x =0 the average conductance g is linear in g

8(0; 9) =29 = go(9),
whereas at =1 the conductance shows only a square-root dependence on g (for
g > 1). Note that the zero-field maximum keeps its position with decreasing
g (i.e. the term "zero-field maximum” is justified). The high-field maximum is
shifted to lower values of x. For large ¢ the shift Ax = 1 —x,., is proportional

to g L.

ol 777777777 x=0.707

06 | -

7(9) /G

04 | ]

02 f -

0 1 1 1 1
1000 800 600 400 200 0

g

Figure 4.6: Change of the tunneling conductance with increas-
ing disorder for different field strengths (reference conductance

gref = £(g=1000)).

Furthermore, B = By, is not a sharp cut-off anymore. The g-x-curve develops
tails which decay like

1
g(z; ) ~ 892 for x> 1.

In the following let us focus on the results for weak magnetic fields since this is
the region where the current fluctuations are most interesting. In that region the
dimensionless tunneling conductance can be approximated by

g(r;9) 1
8o 1+ 169222
1

~ 1—-8¢**+0 ((g:}:)4) for x < g .

for x < 1,
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Note that gr = %eBdl. Thus, the decay of the tunneling conductance is char-

acterized by the relation between the magnetic length I, = v/2(eBd)™"' (see
section 3.2) and the mean free path I:
l

F(lm;
% ~1— 4(1—)2 +0 (/1)) - (4.14)
Alternatively, a characteristic magnetic field B.[(I)] = BY = V2(edl)~* can be

defined by the condition that lm(Bc(l)) = [. The 'range’ of the impurity averaged
Green’s function g* is [ (see Eq. 3.31). Therefore, the typical area of a current
loop is of the order F' = dl. Since [ is a small length scale, BY is large. In order
to get a flavor of the sizes of the different quantities in a typical experiment, take
for example d ~ 10nm. With [ = 100nm as an upper limit for the mean free

path, the lower limit for the characteristic field B is of the order of 1Tesla.

Keeping this in mind, we will now examine the current fluctuations.

4.2.2 The current fluctuations

The general formula for the current fluctuations is given by Eq. 4.4:

2y = 4t Y / (del™V)) (de' V) (4.15)

k.X';p,p’

x (A (K, K';56) A1 (P, P €')) (A3 (K, ks e+eV) Ay (p', p; € +€V)) .

In contrast to the expression for the average current where only the impurity
averaged spectral functions a; appeared, here correlations become important since
the formula contains the product of two spectral functions for each layer. In the
case of one clean layer, Eq. 4.15 can be simplified considerably by inserting the
unperturbed spectral functions A9, i.e.

(Ao (K k;e+eV)Ay(p', pi € +eV)) = AS(k;e+eV) A3 (p; € +eV)d(k—Kk')d(p—p) -

Thus, the spectral functions A; in layer 1 have to be taken at equal momenta,
too, which leads to the following formula with only two momentum sums left:

12 = 4Ty / (del?V)) (de' V) (4.16)
k,p
X (A1 (K, K;€) A (P, P;€)) AS(k; e+eV ) AS(p; € +eV) .
For an intuitive understanding of the situation it is convenient to change to

coordinate representation and to write the tunneling current in terms of Green’s
functions instead of spectral functions. This leads to different combinations of
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retarded and advanced Green’s functions. But for the moment we just concentrate
on one term, writing ‘G’ without specifying whether it is a retarded or advanced
Green’s function. Furthermore, the energy arguments (and integrals) are omitted
in order to get a more compact notation. This looks as follows:

(I%) ~ / dPrd?a’ d?yd?y' AT Y(G (x,x) G (v, ¥'))GS (X —x)Go(y' —) -

Now there are three possible situations to distinguish (see Fig. 4.7), characterized
by the arrangement of the four coordinates x, x’,y,y’ within the plane:

1. The tunneling sites lie within a distance smaller than the mean free path [
from each other pairwise: |x—y'| <l and |x'—y| < L.

2. The complementary combinations of tunneling sites are close to each other,
i.e. [x—y| <land |x'—y'| <.

3. The four coordinates are arbitrary points on the plane which do not fulfill
the conditions given in (1.) or (2.).

Y
5

VJX \ﬁ Y X/
A A A
g — -

1. 2. 3.

Figure 4.7: Current loops of the different contributions to (I?).

Only in the third case the Green’s functions can be averaged separately because
they scatter from different impurities and therefore lose coherence. This just
leads to the contribution (I)?. In contrast, the other cases are more interesting
since they include correlations as described in section 3.3.2. In the first case,
when the two Green’s functions have opposite 'directions’, the enclosed magnetic
flux is small because the contributions from the two loops almost cancel each
other, whereas in the second case the two contributions to the enclosed flux add
up, and therefore a strong dependence on the magnetic field is expected.

A very crude picture of the effect can be obtained by identifying the tunneling
sites pairwise.

e In the first case (x =y’ and x' =y), the magnetic field dependence drops
out since the phase factor is just 1.

e By contrast, in the second case (x =y and x’ = y’), the phase factor
equals exp[2ieA (x—x")]. Thus, if the correlation function is translationally
invariant, this contribution has the form of a Fourier transform with respect
to the vector potential.
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Although this is an oversimplified picture, we will see that the basic features
survive a more careful evaluation. The fact that the field dependent contribution
to the current fluctuations can be expressed as a Fourier transform is the reason
why tunneling spectroscopy allows one to study local transport properties of the
2DEGs as signaled in the introduction. We will come back later to this important
point.

In the following, we discuss the two contributions separately. Therefore, we write
the variance (AI)? = (I?) — (I)? as a sum
(AD? =42 |T|" (D(eV) +C(2eA;eV)), (4.17)

where D denotes the first contribution being independent of magnetic field and
C stands for the second contribution, as shown in Fig 4.8. The notations D and
C will become clear in the following.

Q X.\: — X

rrrrrrrrrrrrrrrr 2 y o/‘r r y
D

X.\; T T T X

YQ/‘r | | | | r\. Y
C

Figure 4.8: The two contributions to (AI)? for tunneling between a
clean and a disordered layer.

While the real space representation is more intuitive, in order to calculate these
expressions we go back to momentum representation. Expressing the spectral
functions of the disordered layer by Green’s functions, Eq. 4.16 reads

12y = ey, / (deV1) (V) (4.18)

XY (—o o) (GT (K, K;€)G] (P, P; ') AS(k; e+eV)A3(p; € +el) .
where o) = +, —.

The method of evaluating the correlations (GJG?) has been discussed in sec-
tion 3.3.2. The disconnected part (GI)(G7) = ¢7g7 corresponds to the case
where tunneling occurs at independent points. As already pointed out this leads
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to the averaged current squared (I)? i.e. the variance (AT)? is given by the con-
nected part (G7GY ). For o =0" the average (GIGY') just equals its disconnected
value (cf. section 3.3.2), therefore the only contributions to the variance come
from the case o # o’. Hence,

(AD)? = 4e? |T|4Z/(de[ev})(dé'[eV])Ag(k;e+eV)Ag(p;e'+eV) (4.19)
k,p

! 2 !
x> |67 (K, 7)o (P, m)| T (KPS K, Pie ),
oF#o’
where Eq. 3.32 has been used.

As shown in section 3.3.2 there are two important contributions to the vertex
function T77 (K, P; K, P; ¢, ¢'). These can be assigned to the different cases, (1.)
and (2.), we distinguished in real space representation:

1. For small momentum difference q = K —P, the main contribution comes
from the ladder diagrams, i.e. the diffuson D7 (q,w). It can be easily seen
that the diffuson does not depend on the magnetic field because the vector
potential cancels out in the difference (q = k—p). This corresponds to the
first case, thus justifying the notation D(eV') introduced above (see also
Fig. 4.8 top).

2. If the momentum sum Q = K+P is small, the maximally crossed diagrams
give the dominant contribution, namely the Cooperon C”'(Q,w). Since
here the vector potential adds up (Q = k+p — 2eA), the Cooperon con-
tribution obviously depends on the magnetic field. This corresponds to the
second case, denoted by C(2eA;eV) (see also Fig. 4.8 bottom).

Now we can write down the different contributions, substituting q = k—p for the
diffuson and Q = k+p for the Cooperon, respectively:

D=3 / (V) (A€ 1VI) A (ks e+ V) AS (K — s € +eT) (4.20)
kiq

! / 2 !
x> g7 (K )97 (K—a,¢57)| D™ (q,w),
oF#o’

c =3 / (V) (e V) A0 (ks e eV ) A (—k+ Qi € eV)  (4.21)
Q

! 2 !
x> (01K 6 7)gf (-K+Q,¢i7)] €77 (Q - 2eA,w).
oF#o’
In the following, the important steps in the evaluation of these expressions will
be motivated before discussing the results, while the explicit calculations can be
found in appendix B.1.2.
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The diffuson contribution

Let us first discuss the diffuson contribution given by Eq. 4.20. Starting with
the evaluation of the k-summation by replacing it with an integral (continuum
limit), the following approximations can be used:

e The absolute value of k is set to kp, its value at the Fermi energy (see
section 4.1).

e The small momentum q as well as the applied voltage eV < 77! are ne-

glected in the ’outer’ Green’s functions ¢g; which are smeared out due to
disorder.

ot-12

e Furthermore, we restrict ourselves to weak magnetic fields B < BY. Then

the effect of the magnetic field on the outer Green’s functions is negli-
gible, too. It will become clear when evaluating the Cooperon contribu-
tion that this is sufficient because there the magnetic field dependence
is much stronger, i.e. the Cooperon contribution decays on a field scale
BJ(AD)?] < BY.

Thus, each Green’s function g{ just contributes a factor —(o)i27. This leads to
the formula

eV
872 / 1 2Dq?
D=— [dw(eV —w , 4.22
™ 0 ( )q; VU%Q2—W2D2‘14+W2 ( )
R

where one energy integral has been eliminated due to the fact that the integrand
only depends on the energy difference w. The restriction on the g-summation
comes from the J-distribution of the second spectral function AJ. For energies el
larger than the Thouless energy Ety, = D/L?, the continuum limit can be taken.
The condition eV < 7! can be incorporated at the end of the calculation, or,
alternatively, in Eq. 4.22 the energy difference w can be neglected against vpg,
yielding the same result:

eV
41272 1
p=2LT / dw (V" — w) , (4.23)
T2 VR / 2Dw
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or, after energy integration,

16L2%72 [(eV)3

D= 4.24
3m2vp 2D ( )
In order to discuss this result, we first relate it to the average current, i.e.
(AI = (I(B=0)) (i>2 2 (4.25)
P L) 3(kpl)2eVr' '

Due to the factor (kpl) 2 < 1, the current fluctuations are small. On the other
hand (eV7)~'/2 > 1, i.e. for small enough voltages the current fluctuations should
be observable. Since they are sub-quadratic in eV, the conductance fluctuations
even diverge in the limit eV — 0.

Furthermore, in the thermodynamic limit the current is self-averaging due to the
factor (I/L)? in Eq. 4.25, i.e. (AI)?/(I)? — 0.
—00

The Cooperon contribution

At zero-field the Cooperon and the diffuson contribution are identical, but this is
no longer true in the presence of a magnetic field. We will see that with increasing
field the Cooperon will be suppressed while, as already shown, the diffuson is not
affected.

We can start following the same lines as for the diffuson. Modified by the ad-
ditional difficulty coming from the magnetic field, the expression equivalent to
Eq. 4.22 looks as follows:

872 2D(Q — 2¢A)?
d . 4.2
¢= / Gl Q%: \/vFQ2 w? D*(Q — 2eA) + w? (4.26)

Now there are two different possibilities how to proceed:

1. The straightforward way is to search for a solution of the integral. Then we
obtain the fluctuations as a function of the magnetic field, i.e. C(2eA;eV).

2. As mentioned earlier, the dependence of the fluctuations on the magnetic
field is a means for studying local transport properties, namely the behavior
of the Green’s functions on different length scales. Thus, we can exploit the
fact that the Q-integral is a convolution integral, to calculate the Fourier
transform of the fluctuations with respect to the magnetic field, i.e. a func-
tion C(ry;eV) where rpy, is the conjugate variable to the vector potential
and, therefore, has the dimension of a length.
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In the following, both strategies will be discussed, starting with the direct eval-
uation of the integral.

1. The Cooperon contribution as a function of the magnetic field

In Eq. 4.26, for small voltages, w can be neglected against vp(). This is justified
for eV < 77! as mentioned in the case of the diffuson. Then we obtain the
following result (for details see appendix B.1.2):

C(2eA;eV) =D(eV) - C(Q\/%GA) (4.27)

with

NI
1= S Ao
0

M

3
—(\/2*sin*p+1 +2”sin?p) 2) :

Thus, the Cooperon contribution is given by the diffuson contribution multi-
plied by a function containing the field dependence. The argument of this func-
tion, which gives the scale for the suppression of the Cooperon by the magnetic
field, can be expressed by the magnetic length [, defined in section 3.2 and
Ly = +/D/(eV), the diffusion length for a given time interval (eV)™', i.e. x is
proportional to the ratio Lq/l,. A plot of the function ¢(z) (computed numeri-
cally) is shown in Fig. 4.9.
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Figure 4.9: Dependence of the Cooperon contribution to (A7)? on the
magnetic field: ¢(24/D/(eV)eA).
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The asymptotic behavior for small and large x is given as

3
c(:1:):1—Z:c2 forr <1,

forz>1.

A characteristic magnetic field B.[(AT)?] = B = V2(edLq)™" can be defined,

]
which now fulfills the equation lm(BéLd)) = L4. Comparing this to the charac-
teristic field for the average current, we see that B « Bél), since typically
the diffusion length is much larger than the mean free path. (In fact the diffu-
sion picture is only true for Lq > [.) While the averaged single-particle Green’s
functions are short-ranged, the diffuson/Cooperon probes large distances. Thus,
the current fluctuations are sensitive to smaller magnetic fields than the average

current.

Combining this with the result for the diffuson (Eq. 4.25), we finally get

(AD?*={(I(B=0))*- <%>2 m (1 + 0(2\/geA)> . (4.28)

On small field scales the fluctuations are reduced to half their zero-field value due
to the suppression of the Cooperon contribution. Note that for larger magnetic
fields B ~ B the diffuson contribution will be affected by the magnetic field,
too, and therefore the fluctuations will be completely suppressed. The prefactors
have already been discussed earlier in the context of the diffuson contribution.

Having found an expression for the current fluctuations as a function of the
magnetic field, which allows to determine a characteristic field B(ELC‘), we now come
to the second possibility of evaluating the Cooperon contribution by studying its
Fourier transform.

2. The Fourier transform of the Cooperon contribution

Again we start with Eq. 4.26 which, in the continuum limit, has the following
form:

eV
32L%vTt 1
C="r 0/dw (eV — w?(;;/(d@) WRG [C(Q—2eA,w)] . (4.29)
>p

The @Q-integral in Eq. 4.26 is a convolution integral:

/ (AQ) o (QRe [C(Q—2¢A)] = (fy  Re[C]) (2¢A)

with f,(Q) = (v2Q?*—w?)~"/2. This function comes from the clean layer; thus the
index ’b’ for ballistic.
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Then the expression for the Cooperon contribution becomes simpler by Fourier
transforming it with respect to the magnetic field, 7.e. the vector potential:

2L2 .
= / 424 f(eA) - eieAre (4.30)

Flrm) = 472
Thus, we introduce a conjugate coordinate r,,, leading to

eV
. 391207
Clen: eV) = SV /dw (V — W) Fy (trm: @) - Fa(Ems ) (4.31)
T
0

where Fy,(x) and Fy(x) are the Fourier transforms of fi,(k) and Re[C](k), respec-
tively. The index ’d’ stands for diffusive.

The remarkable result is the product structure of (rm). The correlation functions
of the two layers are just multiplied which allows their properties to be analyzed
separately.

We find (see appendix B.1.2)

L? wx
F = — d 4.32
b(x) S ——s COS o an ( )

1 /1w 1 [w
Fd(X) = mRe [Ko( BIL’)] = mker( Bl‘) . (433)

The functions cos(x)/z and ker(z) are plotted in Fig. 4.10. K,(z) is the modified
Bessel function of zeroth order; ker(z) = Re[K,(v/iz)] is called a Thomson or
Kelvin function. For small values of z, the function ker(z) can be approximated

by

ker(z) = —C — lng +0(2?), (4.34)

where C ~ (0.58... is Euler’s constant.

In the limit r,, — 0 the result diverges. This divergence comes from large mo-
menta where the diffusion picture does not apply anymore. Thus, the formula is
valid only for rp, 2 (.

It is instructive to compare the arguments of the two functions. In the previous
paragraph the diffusion length L4 has been introduced. The analogous definition
of a ballistic length within the clean layer is L, = vp/(eV), for a given time
interval (eV')™". In fact, the result only depends on the relative size of the different
length scales. To express this, we introduce two parameters m = ry,/Lq and
xap = Lq/Ly. Rewriting the result in terms of these quantities:

1

5 4L 2 (eV)? T
C(m,zqn; eV) = % /dy(l - y)% cos(zanmy)ker(m/y) (4.35)
F

0

with y = w/(eV). While zq, < 1, typically, there are no restrictions on m.
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Figure 4.10: The functions cos(z)/x and ker(x).

10

Thus, the function Fj varies on much shorter length scales r,, than Fy, i.e. the
behavior of the Cooperon contribution is governed by the disordered layer. The
range of the Cooperon within the disordered layer sets a limit to the distance
between the tunneling sites and therefore determines the area typically enclosed
by the current loops. The ratio of the arguments of the two functions s = x4/,
is proportional to (w7)~'/2 > 1. In Fig. 4.11 the product Fy,(z)- Fy(sx) is plotted
for different values of s.

cos (X) / x* ker (sx)

15 ; ;
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05+ s N 4
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-1.5 ' '
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X
Figure 4.11: (cos(z)/x) - ker(sz) for s = 10, 20, 50.
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Alternatively we can discuss the contribution to the conductance fluctuations,
i.e. to their Fourier transform:

—~— é’ ATA12 Tap

A_ 2 ~ = 1 - k . 4

(Ag)Z (eV)2 T2l /dy( y) m cos(zapmy)ker(my/y) (4.36)
0

A plot of (Ag)2 against m and against zqp, is shown in Fig. 4.12. For zqym < 1,

(Ag)2 is linear in zgp. In the limit m ~ v/eV — 0 the result diverges. This has
already been pointed out when discussing C(2eA;eV).
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Figure 4.12: (Ag)2Z as a function of m (left plot) and zqp, (right plot).

Before discussing the case of two disordered layer, let us summarize the results.
The overall shape of the I-B-characteristics can be understood by the relative
shift of the Fermi circles of the two layers. At small magnetic field, the field
dependence of the average current (I) is characterized by the field scale BY ~ =
where the mean free path [ is the typical range of the impurity averaged Green’s
function. The current fluctuations (A7)? comprise two contributions, namely
the diffuson and the Cooperon contribution, but only the latter is sensitive to
the magnetic field. The Cooperon shows structure on a much smaller field scale
than the average current, the characteristic field B Ly' being determined
by the diffusion length Lq > [. The behavior of the average current as well as of
the fluctuations is governed by the disordered layer. Furthermore, the Cooperon
contribution can be expressed as the Fourier transform of the correlation functions
of the 2DEGs. Thus, the field dependence of the current fluctuations yields
information about the spatial correlations in the layers.
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4.3 Tunneling between two disordered 2DEGs

A setup with two disordered 2DEGs is clearly easier to realize experimentally
than the one discussed in the previous section. We will start with mean free
times 71, 7o chosen separately for the two layers, but the special case of /4 =
will be discussed, too. However, we still assume that the two layers have different
disorder potentials, i.e. interlayer correlations do not play a role (cf. p. 32).

4.3.1 The average tunneling current

We start again with the tunneling current formula (4.3):
(1) =2e T /(de[ev])al(k —eA,e;m)azy(k e +eVim),
k

where now the impurity averaged spectral functions have to be taken for both
layers.

Although the formula looks more complicated, the result is similar to what was
found in section 4.2.1. The only difference is that 7 has to be replaced by a
combination of the individual mean free times:

T2

T (4.37)

7'1+7'2

For the calculation see appendix B.2.1.

This means that the scattering rates 7; ' of the two layers are additive. In the
limit 75 — oo one recovers the earlier result (7 = 77). On the other hand, in the
special case 71 =7, =7, the combined mean free time is 7 = 7/2. We see that,
in comparison with the previous case of only one disordered 2DEG, the average
tunneling current is further suppressed, but there is no significant change in the
I-B-characteristics. The relevant length scale for the field dependence is simply
given by the combined mean free path [. Thus, the characteristic field may be
defined in the same way, too.

However, the current fluctuations are qualitatively different as will be shown in
the following.

4.3.2 The current fluctuations

As discussed before, the current fluctuations in tunneling from a clean to a disor-
dered 2DEG have two different contributions, only one of them being influenced
by the magnetic field. By contrast, in the case of two disordered 2DEGs, there
are in principle five terms contributing to the current fluctuations because now
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correlations are possible within both layers. The different contributions can be
distinguished by the number of diffusons and/or Cooperons they involve. This
motivates the notation introduced in the following list:

e 1 diffuson (in layer 1 or 2) — Dy,

e 1 Cooperon (in layer 1 or 2) — Cy,

e a diffuson in one layer and a Cooperon in the other layer — Xpe,
e 2 diffusons — Dy, and

e 2 Cooperons — C,.

The corresponding diagrammatic representation is shown in Fig. 4.13 (in the
same order).

D C

:;:3 :3:3 3‘ D . I Cc
i it <> C PP N S

Figure 4.13: The different contributions to the current fluctuations for
the case of two disordered layers.

Clearly the diffuson contributions D; and Dy do not depend on the magnetic
field, but likewise the 1-Cooperon contribution C; and the 1-diffuson-1-Cooperon
contribution Xpc are field independent because all the tunneling sites have to
be nearby (within the mean free path [). Furthermore, it will be shown that
for the same reason the terms containing only one diffuson and/or Cooperon are
negligibly small against the ones involving two diffusons or Cooperons.

We can rewrite the current fluctuations again as a sum of the different contribu-
tions which will be evaluated separately:

(AI)* = 4¢? |T|4 (Dl(eV) + C1(eV) 4+ Xpe(eV) + Dy(eV) 4+ Co(2eA; eV)) )
(4.38)

To do so we start from the general formula (4.4):

(1) = 4’ |T/" > /deev ) (de'leV (4.39)

kX';p,p’

(A1 (K, K';€) A (P, P;€)) (Ay(K', k; e+eV) Ay (p', p; € +eV)) .
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First we distinguish between the connected and disconnected parts of this ex-
pression. Taking the disconnected part of both correlators we obtain again (I)?.

The cross terms give the 1-diffuson and 1-Cooperon contributions

D1+ Ci ~ az(k)as(p) (A1 (K, K)A; (P, P)). + a1(K)a; (P){As(k, k) As(p, 13)}6 )
4.40

These correspond to the contributions found earlier in the case of tunneling from
a clean to a disordered 2DEG. However, they are now ’short-ranged’ due to the
impurity averaged spectral functions a; (cf. Fig. 4.13). The remaining contribu-
tions which did not exist in the previous case contain both connected parts:

Xpe + Do +Cy ~ (A (K, K') A (P, P')) o (Ao (K, k) Ao (0, D))e - (4.41)

To further separate these contributions we have to look at the relations between
the different momenta. In (4.40) there are only two momentum arguments k and
p. If the momentum difference is small, the ladder diagrams, i.e. the diffuson,
are important, whereas, if the momentum sum is small, the maximally crossed
diagrams, i.e. the Cooperon, dominate. This is equivalent to the case discussed
in section 4.2.2. In (4.41) there are four momentum arguments, but only three
of them are independent, due to overall momentum conservation: k—p = k'—p'.
The 2-diffuson contribution requires q = k—p to be small while the 2-Cooperon
contribution is obtained for small Q = k+p’. In both cases this is one supple-
mentary condition. Therefore two free momentum integrations are left. The two
diffusons (Cooperons) have equal momenta q (Q). For the 1-diffuson-1-Cooperon
contribution, finally, both these conditions have to be fulfilled, 7.e. there is only
one free momentum integration (but the diffuson and the Cooperon may have
different (small) momenta q and Q). Due to these constraints the contribution
Xpe is suppressed by a factor (kpl)~' and therefore negligible.

Introducing the notation Y = [(del*V1) (de'lV)Y¥ (for Y = Dy,Cy, Dy, Cy), the
relevant contributions are given by the following expressions':

p¢ = Y /(dk) {as(lc e+ eV )as(k—az ¢ +eV) (4.42)
< 3 [ g7 (K—a.e)] D (quwsm) + (L2},
oF#o’

¢t = Y /(dk) Laa e eV yar( e Qi +eV) (4.43)
Q

X Z [g{’(K, e)gi’,(—K—i-Q,e')]2 C(Q—2eA,w:m) + (1 2)} ,
oF#o’

In Eqs. 4.42 and 4.43 the full expressions are written down only for a diffuson/Cooperon
in layer 1. The acronym (1 <+ 2) denotes that a similar term is obtained for layer 2.
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Dy = ) ) D" (awin)D"%(qwin) (4.44)
q (Ii;é(r;
o ol o ol 2
X [/(dk) 97 (K, €)g; (K—q,€)g5% (k,e+eV)gs* (k—q, € +eV)]",
G2 = )Y O Q-2eA,w;n)C7(Qw;i ) (4.45)
Q oi#0]

<[ () g7 (K. )97 (K Qu€)g8 (V)P (e Qe )]

These contributions will be discussed now.

The 1-diffuson and 1-Cooperon contributions

The formulae (4.42) and (4.43) corresponding to the 1-diffuson and 1-Cooperon
contributions look similar to the expressions for only one disordered 2DEG in
section 4.2.2. However, they differ, because now the small momentum q (Q) can
be neglected not only in the outer Green’s functions, but also in the spectral
functions of the other layer, which are smeared out due to the disorder in that
layer. This means we have a 'free’ diffuson (Cooperon):

/(dQ) D(q,w) = D(0,w), (4.46)

where D(x,w) is the Fourier transform of D(q, w).

In the case of the Cooperon this implies that the magnetic field dependence
vanishes?, i.e.

/(dQ) C(Q —2eA,w) = /(dQ') C(Q',w) = C(0,w) = D(0,w). (4.47)

Therefore the diffuson and the Cooperon contributions yield the same result. The
calculation is presented in appendix B.2.2. Collecting all these contributions, we
finally get

eV
21272 1
4 2L°T (11 +72+7) dw (eV —w —ln(l + (wTi)Q)'

i=1,2
(4.48)

(AI),? = 4 |T|

0

ZNote that this is only valid for not too small energies when the continuum limit can be
taken. In a summation the field dependence of the zero-mode Q = 0 would be left.
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For the special case 71 = 75 = 7, this takes the form

eV
4 5L2T3 1
d —w)In(1
5 | (eV—w)In(1 + (wr)?
0

(AD),? = 4e*|T)| ) (4.49)

1

= (I(B=0))*- <%) ﬁ/dy(l—y) 1n(1+(6V717y)2). (4.50)

Again the current fluctuations are suppressed by a factor (kpl) 2. The integral is
finite and its solution is given in appendix B.2.2. Only in the limit eV — 0 the
conductance fluctuations ~ (AT)?/(eV)? diverge. This behavior has already been
observed in section 4.2.2 for tunneling between a clean and a disordered 2DEG.
There it also has been pointed out that the tunneling current is self-averaging.

We will see in the following that these are not the dominant contributions to the
current, fluctuations, however. More important are the 2-diffuson and 2-Cooperon
contributions which will be discussed in the subsequent paragraphs.

The 2-diffuson contribution

Due to energy and momentum conservation in tunneling, the two diffusons in-
volved have equal energies and momenta. But in contrast to the previous cases,
now, the two tunneling processes can take place at different momenta. With the
same approximations discussed earlier, Eq. 4.44 reads

Dy’ =4 Re[D(q,w; )] Re [D(q,w; )] {/(dk) g (K)g7 (k)95 (k) g5 (k) } .

(4.51)

The evaluation is straightforward (see appendix B.2.2), leading to the result

eV
L?7? 1
AT)2 :42T47/d V—w)=. 4.52
(AT, =46 [T} s [dw(eV ) (4.5
0
For the special case 71 = = 7, Eq. 4.52 reduces to
L2 9 eV
1
AT =4 |T[" =L —w) ~. 4.
(AT, =4 [T 2 [dw(eV—w) = (1.5

0

Comparing this result with the 1-diffuson contribution, we get

DY /Dy ~ (wt) - In(1 + )< 1. (4.54)

(wr)?
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Therefore, the 1-diffuson and 1-Cooperon contributions are negligible. Then, as
in the case of tunneling from a clean to a disordered 2DEG, there are only two
dominant contributions to the current fluctuations.

Furthermore, we see that in this case even the current fluctuations are divergent.
The integral in Eq. 4.53 diverges at the lower limit, i.e. for w — 0. Thus, a cut-off
has to be introduced. A natural limit for the validity of the diffusion picture is
the Thouless energy ETy,. Hence,

[

(A2, = (I(B=0))?- <Z> 4(kF11 eV

)QeVT(ln B, 1) '

(4.55)

Below that limit, the replacement of the g-summation by an integral is no longer
correct. In order to continue to lower energies, the so-called 'zero-modes’ (q=0)
become important. Then, in many cases, the diagrammatic approach can be
extended down to the level spacing A. However, this requires a separate consid-
eration.

As before, the fluctuations are suppressed by a factor (kpl)™2. Moreover, the
current is self-averaging in the thermodynamic limit.

The 2-Cooperon contribution

The 2-Cooperon contribution is the only term being influenced by the magnetic
field. The expression for this contribution (Eq. 4.45) can be transformed into a
form similar to Eq. 4.51:

CY = 4> Re[C(Q—2eA,w;7)]Re[C(Q,w; )] (4.56)
Q

<{ () gt (k)97 (1) 509 97 (10}

Again for B = 0, the result of the Cooperon contribution is identical with the
result of the diffuson contribution. With magnetic field the Q-integral is a con-
volution integral (cf. section 4.2.2):

/(dQ) Re[C(Q—2eA,w; )| Re[C(Q,w; T2)] = (Re[C™'|xRe[C™])(2eA). (4.57)

The Fourier transforms Fy; of Re[C™] are given by Eq. 4.33, i.e.

1 w

Fdi (X) D,L
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Thus, the 2-Cooperon contribution as a function of the spatial variable r,, takes
the following form:

1
Co(Tn; V)—ﬂ( V)Q/d (1—y)ker (=2 /7 ker (=2 /7)) (4.59)
2mi € _7T4DlDz6 Y e Ld1\/§ ‘ Ldz\/gj’ .

0

where Lq; = 1/ D;/(eV) is the diffusion length in layer i.

The two length scales Lq; and L4y are typically of the same order of magnitude.
Again the result can be expressed by the ratios of the different length scales.
Therefore, the parameters my; = ry,/Lq1 and my = 1y, /Lgs are introduced. In
terms of these dimensionless variables, the 2-Cooperon contribution is given by
the following expression:

- 20412 (eV)? mim
Ca(my, mo;eV) = (2 ) . < 12

2
T €h m? + mj}

) [0 - b

(4.60)

A plot of Co(my, my) is shown in Fig. 4.14 and 4.15. In the special case of equal
mean free times 7 = 7 = 7, the result takes the form

1

Co(m;eV) = L4 : 6V 2/dy 1—y) (ker(m\/7))” . (4.61)

This function is plotted in Fig. 4.16. For r, — 0 the result diverges. As men-
tioned before, this is due to the fact that in this case our approximations fail.
The smallest distance that can be resolved is the mean free path [. At fixed 7y,
the conductance fluctuations ~ Cy/(eV)? diverge in the limit eV — 0.

In conclusion, the average current shows qualitatively the same behavior as in the
previous case, while different results have been obtained for the fluctuations. The
dominant contributions to the fluctuations have been identified and it has been
shown that they are much larger than for tunneling from a clean to a disordered
2DEG. This will be discussed in more detail in the following section.
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Figure 4.14: The dependence of the 2-Cooperon contribution on the
ratios of r,, and the two diffusion lengths.
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Figure 4.15: Contour plot corresponding to Fig. 4.14.
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10

m

Figure 4.16: The 2-Cooperon contribution C~2(rm/Ld) for 7 = 1.

4.4 Comparison of the results

In the discussion of the results we will focus on two aspects, namely the magnitude
of the tunneling current and its field dependence. In both cases the average
current as well as the fluctuations will be considered.

Magnitude of the tunneling current at zero magnetic field

Concerning the averaged quantities, it is more convenient to discuss the conduc-
tance instead of the current. In the clean limit the average conductance diverges
at zero magnetic field. This divergence is smeared out in the presence of disorder,
leading to a finite peak height proportional to 7 = 7175 /(7; + 72). Note that the
scattering rates 7; ' of the 2DEGs are additive. If only one 2DEG is disordered,
7 equals the mean free time of that layer, whereas if the disorder has the same
strength in both layers, 7 is just half of the individual mean free times. However,
the qualitative behavior of the average current is the same for both cases.

In contrast, a qualitative difference has been found for the fluctuations. On a
technical level, we first notice that there are more distinguishable contributions
to (AI)? when both layers are disordered. However, we have shown that, as in
the case of one clean and one disordered 2DEG, there are only two dominant
contributions, namely a diffuson and a Cooperon contribution. But these are not
the corresponding diagrams in an expansion. That means, for tunneling from a
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clean to a disordered 2DEG, the fluctuations are composed of contributions of
the form (G1G1).GSGY, containing one correlator and two single-particle Green’s
functions. The corresponding expressions in the case of two disordered 2DEGs are
obtained by replacing the unperturbed Green’s functions G with the impurity
averaged Green’s functions go. But, since the impurity averaged single-particle
Green’s functions are short-ranged, these terms are now suppressed. Thus, they
are negligible against contributions of the form (G1G1).(G2G3)., containing two
correlators. There is no analogue to these terms if only one layer is disordered.
This is shown schematically in Fig. 4.17.

clean - disordered disordered - disordered

D C
i D | i c
A, s

Figure 4.17: Diagrams contributing to the current fluctuations. Cor-
responding diagrams are drawn at the same level while the dominant
diagrams are highlighted by a shaded box.

Comparing now the dominant contributions, one can get a rough estimate by
counting powers of q. The slow diffusive processes are characterized by the time
scale (Dq?)~" while the fast ballistic propagation within the clean layer is char-
acterized by the time scale (vrq)™'. In the case of tunneling from a clean to a
disordered layer, the integrand is proportional to ¢ 3, being composed of a fast
(¢71) and a slow (¢ 2) process. By contrast, for tunneling between two disordered
2DEGSs, the integrand is proportional to ¢~* because it now contains two slow
processes. In this case the available phase space is larger, i.e. more processes
contribute to the fluctuations. The momentum integration compensates for two
powers of g. Then, with w ~ ¢2, the energy integral yields a finite result in
the former case while for tunneling between two disordered 2DEGs a logarith-
mic divergence is left. Therefore, in the latter case one has to introduce a lower
cut-off as discussed on p. 56. To go below that limit, a separate consideration of
zero-modes would be necessary.
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Field dependence of the tunneling current

We have seen that the suppression of the tunneling current due to the in-plane
magnetic field is characterized by different length scales of the system. The
relevant length scale for the average current is the mean free path [, i.e. the
‘range’ of the impurity averaged single-particle Green’s function. If both 2DEGs
are disordered, the scattering rates of the individual layers are additive which
leads to a combined mean free path [ = lils/(l1+15). Since the mean free path is

a small length scale, the corresponding characteristic field scale BY is large.

The fluctuations are composed of two (dominant) contributions. At B=0 both
terms, i.e. the diffuson and the Cooperon contribution, yield the same result, but
they evolve differently when a weak in-plane magnetic field is applied. While the
diffuson contribution is insensitive to the magnetic field, at least on the small field
scales considered here, the Cooperon contribution is suppressed with increasing
field. If only one 2DEG is disordered, this layer governs the field dependence.
Thus, in the presence of a magnetic field the relevant length scale is the range
of the Cooperon given by the diffusion length Ly = /D/(eV) for a given time
interval (V). The diffusion length being typically much larger than the mean
free path, the fluctuations vary on a field scale B ) « BY. This implies that
one can study the current fluctuations over a region where the average current
can still be regarded as constant. If both 2DEGs are disordered, one associates a
diffusion length Lg; to each layer. The interplay of these two length scales can be
studied best by analyzing the Fourier spectrum of the Cooperon contribution.

clean - disordered disordered - disordered
(I) l | = Lils /(1 + 15)
(AI)Z Ld (and Lb) Ldl; Ld2

Table 4.1: Relevant length scales for the field dependence of the aver-
age current and the current fluctuations.

The field dependent contribution to the current fluctuations has been shown to
be a Fourier transform (with respect to the magnetic field) of the product of the
correlation functions of the 2DEGs, i.e.

C¥(tm) ~ FO (e, w) - FO (1, w), (4.62)

where F@ is the two-particle correlation function within layer 1.
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For a disordered layer, the function Féi) (d="diffusive’) is given by the Fourier
transform of the real part of the Cooperon, and the relevant length scale is the
diffusion length L4q. By contrast, for a clean layer, Fél) (b="ballistic’) is the
Fourier transform of the ’ballistic Cooperon’, the relevant length scale being the
ballistic length Ly = vp/(eV).

Thus, for tunneling from a clean to a disordered layer we have two length scales
of different orders of magnitude: Ly < Ly,. Hence, the behavior of C¥(ry,) is
dominated by Fy which has structure on the diffusive scale while F}, only varies
on the much larger ballistic length scale. If both layers are disordered, however,
the relevant length scales are of the same order of magnitude. Then C¥(rp)
is equally influenced by both layers. Due to the product structure of C(rn),
the contributions F® of the different layers can be analyzed independently as
explained in the previous sections (cf. also Figs. 4.14 and 4.15).
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Summary

In the present work the tunneling current and conductance between two paral-
lel two-dimensional electron gases (2DEGs) have been investigated theoretically.
The main focus has been directed on the aspect of using the dependence of the
tunneling current on a weak, in-plane magnetic field for tunneling spectroscopy’.

The tunneling current is described by an overlap integral of the spectral functions
of the two layers. The interesting feature of the chosen setup is the possibility
to control this overlap sensitively by tuning external parameters like the mag-
netic field. Thus, the analysis of the tunneling current allows one to extract far
reaching information about the properties of the spectral functions or the cor-
responding Green’s functions which characterize the microscopic physics of the
system. Concerning the impurity averaged current, this has been extensively
studied, both experimentally [22] and theoretically [23]. However, the additional
information contained in the current fluctuations has not been exploited so far.
While the average current probes the short-ranged impurity averaged Green’s
functions, the current fluctuations are governed by the long-ranged correlations.
We have shown that the dependence of the current fluctuations on an in-plane
magnetic field allows these correlations to be probed.

Chapter 4 is the central part of this work. As a basis for investigations on the
current fluctuations, the average current is discussed. We concentrate on the
case of uniform tunneling rates and uncorrelated disorder potentials. The overall
shape of the I-B-characteristics finds a very intuitive explanation by the shift of
the Fermi circles of the 2DEGs [22]. Tunneling only takes place at the overlap of
the two circles because energy and momentum are conserved. In a clean system
the conductance diverges at B = 0 as well as at B = By, where the two circles
decouple. These divergences are smeared out in the presence of disorder [23]. The
characteristic magnetic field scale over which the average current is suppressed is
determined by the mean free path [, namely B.[(I)] = v/2(edl)~". This reflects
the fact that the range’ of the impurity averaged Green’s functions is given by
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the mean free path. As this is a small length scale, the characteristic field for the
average current is large. By contrast, the Green’s function of a specific sample is
long-ranged. As a result, the current fluctuations are much more sensitive to the
magnetic field.

Two different setups have been studied, namely tunneling from a clean to a dis-
ordered 2DEG and tunneling between two disordered 2DEGs. In the case of tun-
neling between a clean and a disordered 2DEG, there are only two contributions
to the current fluctuations (AT)? namely the diffuson and the Cooperon con-
tribution. The diffuson contribution is insensitive to the magnetic field whereas
the Cooperon contribution is quickly suppressed with increasing field, the char-
acteristic field scale B.[(AI)%] = v/2(ed\/D/eV)™" being related to the diffusion
length Ly = y/D/eV for a given time interval (eV)~'. The behavior is governed
by the disordered 2DEG which sets the limit for the typical distance between
the tunneling sites. Since the diffusion length is much larger than the mean free
path, the field dependence of the current fluctuations can be studied in a regime
where the average current () is almost constant. Due to the fact that only the
Cooperon contribution depends on the magnetic field, the fluctuations cannot be
completely suppressed on these field scales, but only be reduced to about half
their zero-field value. (Note that on larger field scales B = B.[(I)] the diffuson
contribution will be influenced by the magnetic field, too.)

In the case of tunneling between two disordered 2DEGs, there are in principle
five contributions to the current fluctuations, but it has been shown that the
dominant processes are the 2-diffuson and 2-Cooperon contributions. However,
these are not the same terms accounting for the fluctuations in a setup with only
one disordered layer. Thus, the result is qualitatively different. A divergence at
small energies is observed. Therefore, a cut-off at the Thouless energy has been
introduced. Beyond that limit, the chosen perturbative approach is not reliable
and a separate consideration of ’zero-modes’ is necessary. The field dependence
is now equally influenced by both layers, the relevant scales being the diffusion
lengths L4q; and Lgs which are of the same order of magnitude typically.

In order to study the interplay of the different length scales, the Fourier spectrum,
i.e. the dependence of the tunneling current on the conjugate length r,, which
can be identified with the distance of the tunneling sites, has been considered.
We have shown that the Fourier transform of the field dependent contribution
to (AT)? is given by the product of the correlation functions of the individual
layers. This product structure allows the spatial correlations of the two layers
to be investigated separately. Thus, the current fluctuations yield information
about local transport properties of the 2DEGs. Assuming that the characteristics
of one of the layers are known, this setup can be used as a spectroscope for the
other layer.
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Outlook

The appearance of singularities at low energies suggests that the phenomenon is
non-perturbative. The study of this kind of effects requires also non-perturbative
methods. Thus, we are planning to continue the investigations with field theo-
retical methods, i.e. a non-linear o-model. Another aspect which has been left
out so far are interlayer Coulomb interactions. The attraction of the tunneled
electron and the hole it leaves behind leads to a correlation of the propagators
within the different layers which influences the tunneling current. Therefore, this
setup is suitable to study the interplay of disorder and Coulomb interactions.
Furthermore, the assumption of spatially uniform tunneling has to be reconsid-
ered. It has been found that by rotating the in-plane magnetic field, the spatial
structure of tunneling may be investigated. A 2m-scan of the field yields infor-
mation about the correlator of the tunneling amplitudes. Thus, a more realistic
description of tunneling between 2DEGs which allows for these different aspects
should be possible.
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Appendix A

Green’s functions

Consider a system of electrons described by a Hamiltonian H. At zero tempera-
ture the electron Green’s function is defined as

GOLN;t— 1) = —i (|Tex(t)el, (#)]), (A.1)

where T is the time ordering operator,

ex(t)el, () for t >t
Tex(t)eh (1) = Lo ,
—cy () ea(t) fort <.

|} denotes the ground state with respect to H. cf\, cy is a complete set of Fermi
creation and annihilation operators, with A\ being some quantum numbers de-
pending on the problem of interest. (In the following we will adopt the usual
choice A = (p), assuming spin degeneracy.) Eq. A.1 is defined in the Heisenberg
representation, i.e.

while | ) is time-independent.

At finite temperatures the so-called Matsubara formalism is used. The Matsubara
Green’s function is defined as

G(p,p's7 —7') = — (T, cp(r)ely ().

The 7-ordering operator T, arranges the operators by increasing 7 from right
to left. The bracket (...) denotes the thermodynamic average Tr(e #(H=1#N=9) )
with [ inverse temperature, p chemical potential, and N number of particles;
the thermodynamic potential € is a normalization factor: e™#? = Tr(e #(H-1N)),
The 7-dependence of the operators is given by

CE\T) (7_) _ e(H*pN)TCE\T)ef(HfuN)T ]

67



68 APPENDIX A. GREEN’S FUNCTIONS

Since G is a function of A7 only, we can also write

G(p,p'57) = = (Tr (1)} (0)) - (A.2)

G can be expanded in a Fourier series:

B )
G(p,p';iwy,) = / dre“""G(p,p’; 7)
0

1 |
G(p.p'i7) = 3 > e G(p, psiwn)

with the fermion frequencies w, = (2n + 1)7/3 .

Finally, we come to the retarded (+) and advanced (—) Green’s functions which
are the quantities of physical interest. They can be obtained from the Matsubara
Green’s function by analytic continuation, i.e.

G*(p,p';€) = change G(p,p';iwy,). (A.4)

iwp—retid

The advanced function G~ is the complex conjugate of the retarded function G.
Thus we can define the spectral function A(p,p’;e):

A(p,p'se) =i[GT(p,p';e) =G (p,p’s¢)] = 2ImG ™ (p,p'se) . (A.5)

For a more detailed review see e.g. [44]. The explicit Green’s functions needed in
this work are presented in section 3.3.



Appendix B

Details of calculations and results
of chapter 4

B.1 Tunneling from a clean to a disordered 2DEG

B.1.1 Complete formula for the average current
In section 4.2.1 we derived the average current for tunneling between a clean and

a disordered 2DEG.

The remaining integral in Eq. 4.12 has the form J = f dr
the result

COSW b)24c2° glVlng

NG 1 < 1 n 1 )
= T ,
vV ++vDE \VD VE
where C =c2+0? -1,

D=c+(b—1)? and
E=c+(b+1)%

This finally leads to the following expression for the average tunneling current:

& v ! + ! ) (B.1)

1, >
° \/iT 47_%4*(6141]1:4*%4“6‘/)2 o Lot (eAvp— (EA) —eV)?

M

2 2 2
X <\/47_%4»(814’01:‘4»%*}*8‘/)2\/47_%4*(6141)}?7%76‘/)24»47%+(%+8V)27(6A)2UF2)

1 1
= 4 2tpg B.2
" (\/1+16g( (1+2z) + tp)? \/1+16g( (l—fv)—tF)Q) 2
1
X (/151682 @(14+a)+1r)2 /141692 (@(1—2)—tr)? + 1 + 16¢°(2° + tp)® — 16¢°2%) 7 .

69



70 APPENDIX B. SUPPLEMENTARY DETAILS TO CHAPTER 4

Then the result for the zero-bias dimensionless conductance is

1 1
5 \/5 +
& (\/1—1—169 222(1+12)2 /1 +16g22%(1 — x)2

X (\/1 + 169222 (14-1)2\/1 + 16¢222(1—x)2 + 1 — 16g2x2(1—x2)>

The asymptotic behavior of this formula for small magnetic fields is discussed in
section 4.2.1.

B.1.2 The fluctuations
The diffuson

Starting from Eq. 4.20,

Z /(de[ev]) (de'VN A (k; e+-eV) A (k—q; € +eV)

! / 2 !
Xy {gi’(K,e; )97 (K—q,€;7)| D" (q,w),
oFa’

first, the k-integral (continuum limit) is evaluated. With the spectral func-
tions A9 being o-distributions, this can easily be done, using the approximation
xak = &k — vp Ak cos @, i.e.

27

D = WL%Z / (delV]) (de V) / dip §(—veqcos o+ w) (B.A)

o

1
2T 2
eV—I—evFAcosap—l—( )2;) (—eV+vF|eA+q|cosnp+( )2;)

/

DO’O’( )

For eV < 771, B« BY which is the most interesting region, the terms coming
from the outer Green’s functions just contribute a factor —(¢)i27 each. This
leads to the following expression

27
D = 16rL*vr* Z /(de[ev])(de' V1) 2Re [D(q, w)] /dcp §(w —vpqeosy). (B.5)
0

Integrating out the angles with the help of the d-distribution which causes a re-
striction of the g-summation, and eliminating one energy integral, we get Eq. 4.22:

1 2Dq?
D= 8 /dw (eV — w) Z T (B.6)

AN
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In the continuum limit, the ¢g-integral can be solved by means of the substitution

x=+/¢*> — (w/vp)?. Thus,

/ (dg) 1 2Dg? _ L? \/\/ D?w? + vp + Dw B7)
! v2q® — w2 D¢t + w? 2v2Dw VD?w? + v '
>4
L2
~ for w771

2vpV2Dw

Inserting this into Eq. B.6 leads to the result (4.23).

The Cooperon

Following the same lines as for the diffuson, we obtain Eq. 4.26:

872 2D(Q — 2eA)?
C = dw (eV — : B.8
/ wle “ Qg \/UFQQ w2 D?(Q — 2eA)* + w? (B8

As explained in section 4.2.2, starting from there, two strategies may be applied.

1. C(2eA;eV)

To evaluate the QQ-integral, we have to neglect w against vp@. In the case of the
diffuson contribution it has been pointed out that this approximation is valid for
eV < 7. With the substitution Q' = Q —2eA cos ¢, this leads to

eV
Ceaser) — 22T fie / dw (eV — w) / Q7 (Q7 +4(ed)?sin’ o)

Q"7 + 4(eA)?sin® )2 + (%)?

7r3vFD 2

_ 41272 / /du} eV \/16(614)4 sin? p+(4)2+4(ed)?sin? ¢ .
\/§7r2vFD \/16(eA)* sin? p+(%)2

In the next step the energy integration can be carried out, using the substitution
u = +/16D%(eA)tsin® ¢ + w2, which leads to the result (4.27).

2. C(rm; eV)
Since the Q-integral in Eq. B.8 is a convolution integral, the Fourier transform
of the Cooperon contribution has a simpler form:

~ 2L2 4
Gl eV) = S2L7VT i / dw (eV — w)Fy(rw) - Farmiw),  (B.)
0

where Fy,(ry;w) = FT { (v3Q*—w?)~'/?}, and Fy(rm;w) = FT {Re [C(Q,w)]}.
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These Fourier transforms are calculated as follows:

e in the ballistic case (see Gradshteyn [54], 6.554 (3.)),

2 o0
L? 1 :
FT{(pQ" -0} = / dp [ QAQ —mmes €'O?
w || e
L*w r q wr
= J,(—
oz | Y (5.9
L? wr L?
= cos — b ,
2mURT VR w—0 2MURT
e and in the diffusive case (see Gradshteyn [54], 6.536),
2 0 DQ2
1 .
— 1Qr cos
FT{Re(CQu]) = gy [de [QUQ it €
0 0

S S PN
= e | Qg @i
0

1 iw 1 w
- 47r21/72DRe [Ko( 57‘)] - 4W2V72Dker(\/gr).

Tnserting these functions into the expression for C (Eq. B.9), the final result is

eV

~ ALAT? 1 Wrm w

U —w) —cos L ker (/L) - B.10

C(rm;eV) Do /dw (eV — w) - cos o er( Y ) ( )
0

Rewriting this in terms of the ballistic and diffusion lengths, L}, and Lq4, respec-
tively, yields

é(l‘m; V) = M /dy(l —9) L; coS (Z—Zy)ker(%z\/gj) (B.11)

with y = w/(eV).



B.2. TUNNELING BETWEEN TWO DISORDERED 2DEGS 73

B.2 Tunneling between two disordered 2DEGs

B.2.1 Evaluation of the average current

Again the starting point is Eq. 4.3:
(Iy = 2e|T|? Z /(de[eV])m(k —eA e m)ar(k, e+ eVim).
k

Without the d-distribution from the clean layer, the energy integral has to be
evaluated by contour integration. Splitting the spectral functions into Green’s
functions (a; = i(g;" — g;)), we get four terms, but only the cross terms g, gy
(g7 g5) contribute to the integral, i.e.

Iy = 2¢ |T? Z/(dew]) (gt (k—cA, )5 (k, e+eV) + g (k—cA, g5 (k, e+eV)] .
(B.12)

As the Green’s functions are strongly peaked around the Fermi circle, the iden-
tification |k | = kg is a good approximation. Then the integral over the real
axis can be closed at infinity and the result of the integration over the complex
half-plane is given by the Cauchy formula. Thus,

2T
(1) = 22V T2 120 /dﬁ L -
TiT2 ) 27 (eAvp cosp — (L) 4 (TAn)”

AT{Ty

For the final result see Eq. B.1 or B.2 with 7 replaced by 7 = 7y /(11 + 7).

B.2.2 The fluctuations
D, and C;

The calculation is presented for a diffuson in layer 1: D“(1). As indicated in
section 4.3.2, the Cooperon contribution gives the same result. The contribution
for a diffuson (Cooperon) in layer 2 can easily be obtained by exchanging 7 and
7y (as well as Dy and Ds, of course).

Neglecting the energy differences as well as the field dependence of the outer
Green’s functions, too (see section 4.2.2), Eq. 4.42 takes the form

DE(1) = [(@h)lg} (W9 (0as(0)F - [(d2Re Dl wsm)] . (B13)
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The two integrals can be evaluated separately. For the k-integral we use the
relation a; = g;"g; /7;. Hence,

Jtanlar i (0mst” = ’;— a6l (K)gr ()93 (K)gy (1P
- i s + (1002)

4,2
= 167rl)21/77—1 T2 (77 + 310 +73)
(7'1 + T2)3 ! 2

The g-integral has to be cut off at ¢2, = (D7) "' ~ 72, giving

Juorep@un = o a5
e w:t)] =
q 9w 4r2y7? 1 D?¢* + w?
1
= ——In(1 B.14
812v Dy} n(l+ (le)Q) ( )
Combining this:
2L% 7272 1
DX (1) = 172 213 ) In(1 .
1 ( ) 7D, (7’1+7'2)3 (7—1 + 7—17'24_7-2) n( + (le)Q)

Collecting all the contributions, after energy integration, this leads to the result
(for i = =1)

a0 = 1B=0 (1) s B.15)
4 1 1 )
X (6‘/—7 arctan(eV'7) 4+ In(1 + (6V7‘)2) AT In(1+ (eV'7) ))
=0 (1) =l v, (B.16)

The 2-diffuson contribution: D,

To get this contribution, Eq. 4.51 has to be evaluated, i.e.

Dy’ =4 Re[D(q,w;1)]Re [D(q,w; )] - {/(dk) gv (K)gr (K)g5 (K)g5 ()}

(B.17)

The k-integral gives

2,92
Ty

/ (dk) g7 (K)gr (k) g (k) g5 (k) = dmvL>—12

7'1+7'2
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From the g-integral, i.e. the diffusons, we get
/ (dg) 2Re[D(q, w; 71)] 2Re[D(q, w; )

_ 1 /d( 2) D1q2 D2q2
 Amd2LRTirl 1 D2¢* + w? D3¢* + w?
1

87202 L2(Dy+ Do) TiTiw

This leads to the result (4.52).

The 2-Cooperon contribution: C,
Similar to the case in section 4.2.2, the Cooperon contribution can be written as
a convolution integral, i.e.

Co(2eA;eV) = 32042 (1o 7)? /dw (eV —w) (Re[C™]xRe[C™])(2eA). (B.18)

Then its Fourier transform has the following form:

eV
Co(rm; eV) = 320412 (1 7o7)? /dw (eV—w) Fyi(rm;w) - Fao(tm;w),  (B.19)
0

where Fy; = FT {Re[C"]}. These functions are given by Eq. 4.58, leading to the
result

eV

_ 2L472
Co(rm;eV) = W:DQ /dw (eV —w) ker(, /Dilrm)ker( Difm) . (B.20)

0

For further discussion see section 4.3.2.
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