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Zusammenfassung
Im Rahmen der Festk�orperphysik wurde der Tunnele�ekt erstmals 1958 beob-a
htet, als Esaki [1℄ Strommessungen an dur
h eine Potentialbarriere getrenn-ten Halbleitern dur
hf�uhrte. Es folgten zahlrei
he Untersu
hungen, bis Anfangder 90er Jahre Tunnelexperimente zwis
hen zweidimensionalen Elektronengasen(2DEGs) in Halbleiterheterostrukturen m�ogli
h wurden [5℄. Da diese Systemeeine rei
hhaltige Ph�anomenologie aufweisen, experimentell gut handhabbar sindund si
h eine te
hnologis
he Nutzung abzei
hnet, nehmen sie einen wi
htigenPlatz in der aktuellen Fors
hung ein [4℄.In der vorliegenden Arbeit wird das Tunneln zwis
hen 2DEGs im parallelen Mag-netfeld und dabei insbesondere die Magnetfeldabh�angigkeit der dur
h Unordnungverursa
hten Strom
uktuationen theoretis
h untersu
ht. Ganz allgemein ist derTunnelstrom dur
h ein �Uberlappintegral der Spektralfunktionen, wel
he die Phy-sik der beteiligten Systeme in weiten Teilen 
harakterisieren, bestimmt. Die Be-sonderheit der betra
hteten Anordnung ist nun, da� si
h dieser �Uberlapp dur
hVariation externer Parameter (wie z.B. Magnetfelder) lei
ht kontrollieren l�a�t.Dies erm�ogli
ht es, die Spektralfunktionen "abzutasten\, und dadur
h weitrei-
hende Informationen �uber die mikroskopis
he Struktur der einzelnen 2DEGszu gewinnen. Die Charakteristika des unordnungsgemittelten Tunnelstroms wur-den bereits eingehend von Eisenstein et al. [22℄ (experimentell) und Zheng undMa
Donald [23℄ (theoretis
h) behandelt. Die gemittelten Gr�o�en beinhalten je-do
h nur einen kleinen Teil der Informationen, die eine detaillierte Analyse desTunnelstroms liefert, was in dieser Arbeit anhand der Magnetfeldabh�angigkeitder Strom
uktuationen gezeigt wird.Der Zusammenhang zwis
hen Tunnelstrom und Unordnung erkl�art si
h dadur
h,da� der Tunnelstrom dur
h Prozesse dominiert wird, bei denen ein Elektron voneinem 2DEG zum anderen tunnelt, dann innerhalb dieses 2DEGs propagiert unds
hlie�li
h an einer beliebigen Stelle zur�u
ktunnelt, um mit dem zur�u
kgelasse-nen Lo
h zu rekombinieren. Da so magnetis
her Flu� einges
hlossen wird, l�a�tsi
h mittels des magnetis
hen Feldes die typis
he Rei
hweite der zum Strom bei-tragenden Prozesse ermitteln. Diese sind dur
h die Ein-Teil
hen Green's
henFunktionen, wel
he die Propagation von Elektron und Lo
h in den 2DEGs be-s
hreiben, bestimmt. Der mittlere Strom zeigt Struktur auf einer 
harakteri-iii



ivstis
hen Feldskala B
[hIi℄ � l�1, was der Tatsa
he entspri
ht, da� die "Rei
h-weite\ der unordnungsgemittelten Green's
hen Funktion dur
h die mittlere freieWegl�ange l gegeben ist. Hier wird nun gezeigt, da� dahingegen die Strom
uk-tuationen bzw. der typis
he Strom (einer Probe vor Unordnungsmittelung) auf-grund der Langrei
hweitigkeit der ungemittelten Green's
hen Funktion wesent-li
h emp�ndli
her auf das Magnetfeld reagieren. Die 
harakteristis
he Feldskalahierf�ur ist dur
h B
[(�I)2℄ � (pD=eV )�1 gegeben, wobei pD=eV � l einerDi�usionsl�ange bei vorgegebener Zeit (eV )�1 entspri
ht (D Di�usionskonstante,eV Potentialdi�erenz zwis
hen den 2DEGs). Das bedeutet, da� si
h die Mag-netfeldabh�angigkeit der Fluktuationen in einem Berei
h messen l�a�t, �uber dender mittlere Strom no
h weitgehend konstant ist.Zu den Fluktuationen gibt es zwei vers
hiedene dominante Beitr�age, wovon je-do
h nur einer magnetfeldabh�angig ist. Es wurde zudem gezeigt, da� si
h die-ser magnetfeldabh�angige Beitrag gerade als Fouriertransformierte (bez�ugli
h desMagnetfelds bzw. des zugeh�origen Vektorpotentials) des Produkts der Korrela-tionsfunktionen beider 2DEGs au�assen l�a�t. Dadur
h bietet si
h die M�ogli
h-keit, �uber die Magnetfeldabh�angigkeit des typis
hen Stromes r�aumli
he Korrela-tionen abzutasten. Setzt man also die Eigens
haften des einen 2DEGs als bekanntvoraus, kann man somit das andere spektroskopieren.In dieser Arbeit wurde eine st�orungstheoretis
he Analyse des Tunnelstroms dur
h-gef�uhrt. Eine dar�uber hinausgehende Untersu
hung des Problems erfordert ni
ht-st�orungstheoretis
he wie z.B. feldtheoretis
he Methoden, da Divergenzen, die beisehr niedrigen Energien in endli
hen Systemen auftreten, darauf hindeuten, da�das Problem ni
ht-perturbativ ist. Eine weitere m�ogli
he Verallgemeinerung stelltdie Ber�u
ksi
htigung von Coulomb-We
hselwirkung zwis
hen den 2DEGs sowiedie Behandlung ni
ht-konstanter Tunnelmatrixelemente dar.Die Arbeit ist folgenderma�en aufgebaut: Na
h einer allgemeinen Einleitung wirdin Kapitel 2 die experimentelle Realisierung von 2DEGs kurz umrissen sowie ein�Uberbli
k �uber Fors
hungsergebnisse gegeben, die im Zusammenhang mit Tun-neln zwis
hen parallelen 2DEGs stehen. Kapitel 3 dient der Einf�uhrung derverwendeten Methoden zur theoretis
hen Bes
hreibung des Tunnelstroms. DenHauptteil der Arbeit bildet s
hlie�li
h Kapitel 4, in dem sowohl der mittlere Tun-nelstrom als au
h die Fluktuationen detailliert untersu
ht werden. Dabei werdenzwei interessante F�alle unters
hieden: zum einen Tunneln zwis
hen einem "sau-beren\ und einem ungeordneten 2DEG in Kapitel 4.2 und zum anderen Tunnelnzwis
hen zwei ungeordneten 2DEGs in Kapitel 4.3. Abs
hlie�end werden dieErgebnisse zusammengefa�t.
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Chapter 1Introdu
tionHistori
ally, tunneling as a quantum phenomenon whi
h re
e
ts the wave-parti
ledualism has been known in the 
ontext of nu
lear �-de
ay soon after the estab-lishment of quantum theory. First measurements of ele
tron tunneling betweensolids separated by a potential barrier 
an be found in the work of Esaki [1℄ onp-n jun
tions in 1958. In the following years, the a
tivities 
on
entrated on tun-neling between metals and super
ondu
tors as well as between super
ondu
torsthemselves. In this 
ontext the approa
h of the tunneling Hamiltonian [2℄ as aperturbative many-body theory has been developed. Starting from the 70s a new
lass of experiments be
ame a

essible due to advan
es in semi
ondu
tor devi
ete
hnologies. After the pioneering work of Chang et al. [3℄, extensive studieson double-barrier stru
tures have been performed; for a list of referen
es 
f. [4℄.Tunneling experiments between two-dimensional systems are realizable only sin
ethe late 80s [5℄.The smallness of the stru
tures needed for the observation of ele
tron tunnelingleads us to the subje
t of mesos
opi
 physi
s. The expression 'mesos
opi
' hasbeen 
oined by van Kampen in 1981 [6℄ in the 
ontext of statisti
al physi
s andit has be
ome 
ommon use after a work of Imry [7℄. The fas
inating featureof this subje
t is the possibility of observing quantum e�e
ts on ma
ros
opi
obje
ts. Mesos
opi
 physi
s studies systems that are too large and 
omplex to�nd an exa
t des
ription on a mi
ros
opi
 level sin
e they have too many degreesof freedom, but, on the other hand, are too small to be fully des
ribed in thethermodynami
 limit sin
e quantum interferen
e e�e
ts are still important. Tounderstand what large or small means in this 
ontext we have to identify therelevant length s
ales of the system. The smallest length s
ale is the wave lengthof the parti
les, i.e. at low temperatures the Fermi wave length �F. Quantuminterferen
e is observable as long as phase 
oheren
e is not destroyed by inelasti
pro
esses. Coherent transport through the entire system is possible, if the phase
oheren
e length L� be
omes larger than the system size L. Then quantuminterferen
e e�e
ts play an essential role and one 
an measure �nger prints of1



2 CHAPTER 1. INTRODUCTIONthe mi
ros
opi
 details of the sample. The mean free path l is the relevant s
aleto measure the strength of disorder. One 
an distinguish between ballisti
 anddi�usive transport. If impurity s
attering is negligible, i.e. the system is '
lean',the parti
le motion is ballisti
, and therefore the transport properties are governedby the boundaries or, in other words, the geometry of the sample. This 
an bestudied in so-
alled 'quantum billiards' whi
h are the model systems for resear
hon quantum 
haos [8℄. In di�usive systems a variety of interesting phenomenalike weak lo
alization [9℄, universal 
ondu
tan
e 
u
tuations (UCF) [10℄, and theele
troni
 Aharonov-Bohm e�e
t [10, 11℄ have been observed.Over the last de
ades te
hni
al progress has made it possible to tailor make moreand more sophisti
ated stru
tures. A spe
i�
 
lass of these mesos
opi
 systemsare two-dimensional ele
tron gases (2DEGs) whi
h 
an be realized in semi
on-du
tor heterostru
tures [12℄. To date, these 2DEGs are the systems of 
hoi
e forstudying transport be
ause they show a ri
h phenomenology, the most promi-nent example being the quantum Hall e�e
t dis
overed by von Klitzing et al.in 1980 [13℄, and are easily manageable experimentally. A wide 
lass of exper-iments is based on 2DEGs 
oupled via quantum me
hani
al tunneling sin
e ithas be
ome possible to build up layered stru
tures of 2DEGs. The simplestextension of the standard two-dimensional (2D) system is the so-
alled doublequantum well (DQW), 
onsisting of two parallel 2DEGs separated by a potentialbarrier. The �rst experimental realizations of DQWs only allowed simultaneous
onta
t to both layers. With this setup one 
an study the in
uen
e of tunnel-ing on the in-plane transport [14{17℄. New te
hniques for 
reating independent
onta
ts [18{21℄ opened the possibilities for novel experiments, i.e. dire
t obser-vation of the tunneling 
urrent between 2DEGs has be
ome a

essible. The �rstmeasurements have been reported by Smoliner et al. [5℄.Measurements of the tunneling 
urrent provide information about the intralayertransport 
omplementary to what 
an be found from in-plane measurements,i.e. the tunneling 
urrent is a fun
tion of the one-parti
le Green's fun
tions whilein-plane transport depends on the two-parti
le Green's fun
tions. This 
on
epthas been dis
ussed in various works, e.g. [22{25℄ (furthermore 
f. [26℄ for 1D-2D tunneling). The dependen
e of the tunneling 
urrent on ma
ros
opi
 systemparameters 
an be used to re
onstru
t the mi
ros
opi
 details en
oded in theGreen's fun
tion. Thus, it allows the lo
al transport properties of the system tobe studied without the 
rude intervention of plugging 
onta
ts on the layers.This work studies the dependen
e of the tunneling 
urrent between two parallel2DEGs on a weak in-plane magneti
 �eld. Theoreti
al [23℄ as well as experi-mental [22℄ investigations of this setup are well established. But while previousinvestigations 
on
entrated on the average 
urrent, the aim of this work is toshow that the study of the 
urrent 
u
tuations yields additional informationwhi
h is not 
ontained in the impurity averaged quantities. The determinationof the 
urrent 
u
tuations allows one to des
ribe the �eld dependen
e of the



3typi
al tunneling 
urrent within a parti
ular system. The tunneling 
urrent isdominated by pro
esses where an ele
tron tunnels, propagates within the layer,then tunnels ba
k, and re
ombines with the hole left behind. Sin
e this 'loop'en
loses magneti
 
ux, the �eld dependen
e measures the typi
al 'range' of thedominant pro
esses. In 
ontrast to the averaged Green's fun
tion, the Green'sfun
tion of a spe
i�
 sample is long-ranged. This results in a drasti
 enhan
e-ment of the sensitivity to an external magneti
 �eld as will be shown. One 
andistinguish the 
hara
teristi
 �eld s
ales B
[hIi℄ and B
[(�I)2℄ and relate themto the mean free path l and the di�usion length Ld =pD=eV (for a given timeinterval (eV )�1), respe
tively. In fa
t, there are two dominant 
ontributions tothe 
urrent 
u
tuations, only one of them being �eld dependent. We have shownthat this so-
alled 'Cooperon' 
ontribution 
an be seen as the Fourier transform(with respe
t to the magneti
 �eld, i.e. the ve
tor potential) of the produ
t of the
orrelation fun
tions of the 2DEGs. Thus, the �eld dependen
e of the tunneling
urrent is a means to probe spatial 
orrelations.The present work is organized as follows: In 
hapter 2 the experimental realizationof 2DEGs in semi
ondu
tor heterostru
tures is presented. The spe
i�
 propertiesof the tunneling setup are brie
y dis
ussed. Furthermore, related theoreti
al andexperimental results are reviewed, 
on
entrating mainly on two aspe
ts, namelythe in
uen
e of magneti
 �elds and ele
tron-ele
tron intera
tions, where a key-word is the 'Coulomb drag' e�e
t. In 
hapter 3 the model used in this work isintrodu
ed and the te
hniques needed in the evaluation of the tunneling 
urrentare given. In addition, the e�e
ts of an in-plane magneti
 �eld are dis
ussed.In 
hapter 4 the setup is spe
i�ed, before 
oming to the 
al
ulations. A setupwith two 
lean 2DEGs serves as a starting point for the evaluation of the tunnel-ing 
urrent between a 
lean and a disordered 2DEG in se
tion 4.2 and betweentwo disordered 2DEGs in se
tion 4.3. As mentioned above, we 
on
entrate onthe 
urrent 
u
tuations, but, for 
ompleteness, the average 
urrent (
f. Eisen-stein et al. [22℄, Zheng and Ma
Donald [23℄) is reviewed, too. The main resultsare summarized in 
hapter 5. Furthermore, the prospe
ts for future investigationsin the subje
t are dis
ussed there. In order to preserve a more transparent stru
-ture in the main text, some te
hni
al tools as well as details of the 
al
ulations
an be found in the appendi
es.
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Chapter 2Experimental situation andrelated works
Sin
e tunneling experiments between two-dimensional ele
tron gases have �rstbeen reported in 1988 by Smoliner et al. [5℄, many investigations followed inthis resear
h area. In order to embed the present work in this 
ontext, a sele
-tion of theoreti
al and experimental results related to tunneling between two-dimensional ele
tron gases is reviewed in se
tion 2.2. As an introdu
tion beforedis
ussing the more 
omplex system of two 
oupled two-dimensional ele
trongases, in se
tion 2.1 the basi
 properties of a single two-dimensional ele
tron gasare presented.2.1 Two-dimensional ele
tron gasesIn order to illustrate what is meant by 'two-dimensional' (2D), 
onsider a systemas a box of volume Lx � Ly � Lz. If one of these lengths, e.g. Lz, is of the orderof magnitude of the wave length of the parti
les (while the other two lengths arestill mu
h larger), momentum quantization be
omes important in that dire
tion,i.e. kz = n � 2�=Lz (n 2 Z). Thus, the system is quasi-2D sin
e the motion in x-and y-dire
tion is free whereas with respe
t to kz di�erent 'modes' exist. At lowtemperatures, the parti
le energies are limited by the Fermi energy. Thus, forLz < �F � Lx; Ly, only kz = 0 is allowed and therefore the parti
le motion is
on�ned to the x-y-plane. Then the system is e�e
tively two-dimensional.Te
hni
ally, these so-
alled two-dimensional ele
tron gases (2DEGs) 
an be real-ized in MOSFETs (metal-oxide-semi
ondu
tor �eld-e�e
t transistors) and semi-
ondu
tor heterostru
tures [27℄. In semi
ondu
tor heterostru
tures high mobili-ties are a
hieved due to the spatial separation of the 
arriers from their donors.The properties of heterojun
tions between dissimilar semi
ondu
tors are governed5



6 CHAPTER 2. EXPERIMENTAL SITUATION AND RELATED WORKSby the lineup of the valen
e and 
ondu
tion bands at the interfa
e. One needsmodern growth te
hniques like mole
ular beam epitaxy (MBE) [28℄ to produ
eabrupt interfa
es with the band stru
ture 
hanging within a few atomi
 layers.Furthermore, in order to redu
e interfa
e defe
ts, the two materials have to be'latti
e mat
hed', i.e. they have to share a similar latti
e stru
ture, a prerequisitewhi
h is almost ideally ful�lled by the system AlGaAs/GaAs.
E F

E c

E v

E c

E v

E F

E c

E F

E v

+
+
+

n-AlGaAs
GaAsFigure 2.1: Band diagram of a 2DEG in an AlGaAs-GaAs heterostru
-ture. (Ev: energy of the valen
e band, E
: energy of the 
ondu
tionband)AlGaAS has a wide band-gap while GaAs is a narrow gap material (see Fig. 2.1).Furthermore, AlGaAs has the smaller ele
tron aÆnity. So-
alled modulationdoping (MD), i.e. sele
tive doping of the wide gap material (usually with Si),leads to the di�usion of free 
arriers from the n-AlGaAs into the GaAs, leavingpositively 
harged donors behind. This 
harge separation leads to an ele
trostati
potential whi
h 
auses band bending as shown in Fig. 2.1. An almost triangularpotential well is formed, trapping the ele
trons within a short distan
e of a fewnanometers from the interfa
e. Due to this 
on�nement, momentum quantizationo

urs in the perpendi
ular dire
tion whereas free motion within the interfa
e ispossible. However, the parti
les are s
attered by the remote donors, thus limitingthe mobility. This e�e
t 
an be redu
ed by pla
ing an additional undoped AlGaAsspa
er between the doped n-AlGaAs and the GaAs layer. Today it is possible toa
hieve mean free paths up to about 10�m. The typi
al parameters of a 2DEG inAlGaAs-GaAs heterostru
tures are shown in table 2.1. Sin
e the phase 
oheren
elength is strongly temperature dependent1, experiments have to be performed atvery low temperatures.1The T�1=2 temperature dependen
e given in table 2.1 is only meant as an indi
ation. Ingeneral, a simple power law 
annot be found.



2.2. STATE OF RESEARCH ON TUNNELING 7E�e
tive mass m 0:067 �meFermi wave ve
tor kF 1:58 � 106 
m�1Fermi energy �F = (~kF)2=(2m) 14meVFermi wave length �F = 2�=kF 40 nmFermi velo
ity vF = ~kF=m 2:7 
m=sS
attering time � 0:38� 38 psEle
tron mobility � = � � e=m 104 � 106 
m2=(Vs)Mean free path l = vF� 102 � 104 nmDi�usion 
onstant D = vFl=2 140� 14000 
m2=sPhase 
oheren
e length L� > 200(T=K)�1=2 nmTable 2.1: Ele
troni
 properties of 2DEGs in AlGaAs-GaAs het-erostru
tures (taken from [4℄).2.2 Overview on the state of resear
h on tun-neling between 2DEGsThe system studied in this work is not a single 2DEG, but a stru
ture with two
losely spa
ed, parallel 2DEGs, i.e. a so-
alled double quantum well (DQW).The typi
al distan
e between the two layers ranges from a few �angstr�ms tosome tens of nanometers, depending on the e�e
ts one wants to observe. As
hemati
 pi
ture is shown in Fig. 2.2. Only a sele
tion of the results related totunneling between 2DEGs 
an be presented here. We will restri
t ourselves to anoverview on tunneling in a magneti
 �eld (2.2.1) followed by a short dis
ussionof the impa
t of tunneling 
oupling on the in-plane transport (2.2.2) and of theso-
alled Coulomb drag e�e
t (2.2.3).
1

µ 2

µ
eV

dFigure 2.2: S
hemati
 potential pro�le of the DQW stru
ture.



8 CHAPTER 2. EXPERIMENTAL SITUATION AND RELATED WORKS2.2.1 Tunneling in a magneti
 �eldTunneling between two-dimensional systems (2D-2D) is 
hara
terized by momen-tum and energy 
onservation [29℄ whi
h is in sharp 
ontrast to 2D-3D or 3D-3Djun
tions where tunneling o

urs over a wide range of energies (� �F). Thus, the
urrent-voltage 
hara
teristi
s shows pronoun
ed resonant features sin
e tunnel-ing is only possible if the energy levels of the 2DEGs are aligned. This uniqueproperty of 2D-2D tunneling allows to extra
t far rea
hing information about theunderlying spe
tral fun
tions of the 2DEGs.The I-B-
hara
teristi
s for tunneling between 2DEGs in an in-plane magneti
�eld have been investigated �rst by Eisenstein et al. [22℄. The results 
an beexplained by the displa
ement of the Fermi surfa
es of the two layers (as de-pi
ted in Fig. 2.3) 
aused by the magneti
 �eld. Due to momentum and energy
onservation, tunneling only takes pla
e at the overlap of the two Fermi 
ir
les.This 'geometri
al' explanation (originally introdu
ed by Zavlavsky et al. [30℄ for2D-3D tunneling) will be dis
ussed expli
itly in se
tion 4.1. Similar argumentsapply also for the dependen
e of the tunneling 
ondu
tan
e on the ratio of thedensities at �xed magneti
 �eld. The in
uen
e of disorder on these 
hara
teris-ti
s, leading to a broadening of the resonant features, has been studied by Zhengand Ma
Donald [23℄. Sin
e these results are essential for the present work, theywill be dis
ussed in detail in 
hapter 4.
oG / G

0 B maxFigure 2.3: Tunneling 
ondu
tan
e versus in-plane magneti
 �eld, ex-plained by the relative shift of the Fermi 
ir
les. For B > Bmax tun-neling is 
ompletely suppressed.Other broadening me
hanism 
ould be spatial variations of the barrier widthwhi
h result in non-uniformities of the tunneling probability [31℄ or ele
tron-ele
tron intera
tions [24, 32℄. The importan
e of the former 
ontribution is notvery well known, yet, sin
e no non-destru
tive methods of measuring the barrierwidth are available so far [33℄. Ele
tron-ele
tron intera
tions are negligible at



2.2. STATE OF RESEARCH ON TUNNELING 9low temperatures due to phase spa
e restri
tions. In fa
t, their 
ontribution tothe linewidth 
an be distinguished from the other e�e
ts by the temperaturedependen
e [24℄. In [23℄ also the e�e
ts of interlayer 
orrelations of the disorderpotential have been studied. It has been shown that only strong 
orrelationslead to a signi�
ant 
hange of the 
urrent 
hara
teristi
s at low magneti
 �elds.Then disorder no longer suppresses the divergen
e of the tunneling 
ondu
tan
eat B = 0. However, strong 
orrelations are only expe
ted if the disorder potentialis 
aused by impurities between the layers. In the usual 
ase of remote impuritiesonly the layer nearby is in
uen
ed while the other 2DEG is s
reened.The ri
h fa
ilities of tunneling spe
tros
opy have also been demonstrated in thework of Altland et al. [26℄ where the idea of using magnetotunneling as a spe
-trometer has been applied to 1D-2D tunneling, i.e. tunneling between a quantumwire (de�ned by gates) running in parallel with a 2DEG. The quantum wire be-ing a one-dimensional ele
tron system (1DES) 
annot be des
ribed by the usualFermi liquid pi
ture as already very weak intera
tions make it unstable towards ahighly 
orrelated state, the so-
alled Luttinger liquid (LL). A main 
hara
teristi
of the LL phase is spin-
harge separation. Although experiments are 
onsistentwith many features of LL behavior, there is no 
lear eviden
e for this phenomenonso far. Altland et al. propose an experiment probing spin-
harge separation bymeasuring the dependen
e of the tunneling 
ondu
tan
e on the applied voltage Vand an in-plane magneti
 �eld B. Tuning these parameters, four di�erent regimeswith distin
t 
urrent 
hara
teristi
s should be found if the 1DES 
an be des
ribedas a LL. The boundaries of these regimes are determined by the velo
ities of spinand 
harge density waves. Thus, the experiment provides a way to measure theratio of spin and 
harge velo
ity, i.e. the parameter 
hara
terizing the LL phase.2.2.2 In-plane transport in DQWsThe tunneling resonan
e des
ribed above 
an also be observed by studying the in-plane resistan
e of a DQW at small layer separation when the tunneling 
ouplingis large. For that purpose the 2DEGs are 
onta
ted in parallel. O� resonan
e,i.e. when the energy levels of the 2DEGs are not mat
hed, tunneling is suppressedand, thus, the 2DEGs are de
oupled. Then the 
ombined resistan
e of the parallel
on�guration is simply given as Ro� � (�1 + �2)�1. At resonan
e, however, theparti
les are not lo
alized within one 2DEG, but rather des
ribed by symmetri
and antisymmetri
 states separated by an energy gap �SAS. In this 
ase theresistan
e is given as Rres � ��11 + ��12 [14, 34℄, assuming that the s
attering ratesof the two layers are additive. If the mobilities of the 2DEGs are di�erent, the o�-resonan
e resistan
e is governed by the higher mobility layer while at resonan
ethe lower mobility layer is dominant whi
h leads to a resistan
e resonan
e.The in
uen
e of an in-plane magneti
 �eld has been investigated in [15, 16, 35℄.Again the results 
an be des
ribed by the relative shift of the Fermi 
ir
les. Sin
e



10 CHAPTER 2. EXPERIMENTAL SITUATION AND RELATED WORKSthe �eld de
ouples the layers, the resonan
e is suppressed, i.e. the resistan
eapproa
hes its o�-resonan
e value. The e�e
t is anisotropi
 with respe
t to theorientation of the 
urrent and the in-plane magneti
 �eld. This 
an be attributedto the fa
t that for B k j the 
urrent 
arrying states have momenta in the vi
inityof the (quasi-)interse
tion points of the Fermi 
ir
les and thus still parti
ipate intunneling. Therefore the suppression of the resistan
e resonan
e is not 
ompletein this 
ase.A di�erent setup has been 
hosen in [36℄ where tunneling 
oupled mesos
opi
wires have been studied. Under appli
ation of an in-plane magneti
 �eld, 
u
tu-ations of the in-plane 
ondu
tan
e have been observed. With in
reasing distan
ebetween the layers (
orresponding to de
reasing tunneling probabilities) the 
u
-tuations be
ome less pronoun
ed. As the ele
trons stay longer within one wellbefore tunneling, the probability of inelasti
 s
attering in
reases, i.e. quantuminterferen
e e�e
ts are destroyed. Furthermore, for B >Bmax (
f. Fig. 2.3) the
u
tuations vanish be
ause the two wells de
ouple.2.2.3 The Coulomb dragIn se
tion 2.2.1 intralayer ele
tron-ele
tron intera
tions have already been ad-dressed. Now we 
ome to the other aspe
t of the problem, namely the interlayerele
tron-ele
tron intera
tions whi
h are responsible for the so-
alled Coulombdrag e�e
t. The �rst theoreti
al dis
ussions of the Coulomb drag between spa-tially separated ele
tron layers date ba
k to Pogrebinskii [37℄ and Pri
e [38℄,while the earliest dire
t experimental observation in DQWs has been reported byGramila et al. [39℄.Drag experiments are usually performed in a regime where tunneling is sup-pressed, either due to a mismat
h of the energy levels, 
f. se
tion 2.2.1, or atlarge layer separation d>�F. A 
urrent applied to the so-
alled a
tive layer 
ausesa 
urrent in the other (passive) layer due to the mutual fri
tion. If no 
urrent isallowed to 
ow there, a voltage is indu
ed, 
ompensating the e�e
t of the inter-layer for
e. The ratio of the indu
ed voltage Vpassive and the applied 
urrent Ia
tiveis 
alled the transresistan
e or drag 
oeÆ
ient �D whi
h measures the momentumtransfer rate between the layers. The dependen
e of �D on the layer separation aswell as on temperature is given as �D � d�4T 2 (see e.g. [39, 40℄). Alternatively tothe drag 
oeÆ
ient, a 
orresponding interlayer s
attering rate ��1D 
an be de�ned.The measured values for typi
al samples do not ex
eed about 1% of the mobilitys
attering rate ��1, i.e. the e�e
t is negligibly small. However, strong disorder(l < d) [41, 42℄ or interlayer 
orrelations of the impurity potential [43℄ lead to anenhan
ement.



Chapter 3The 
urrent formulaChapter 2 giving an overview of the resear
h on tunneling between 2DEGs, this
hapter is dedi
ated to the introdu
tion of the model as well as the te
hniquesused in the present work. Some te
hni
al tools are presented in more detail inappendix A.
d

B

2

1 x

z

y

V

Figure 3.1: S
hemati
 setup.The experimental setup under 
onsideration is shown s
hemati
ally in Fig. 3.1:Two parallel 2DEGs are separated by a tunneling barrier of thi
kness d. Atunneling 
urrent between the layers is driven by the external voltage V . Inaddition, a homogeneous, in-plane magneti
 �eld B may be applied.In order to �nd a full des
ription of the tunneling 
urrent between the 2DEGs,three main aspe
ts will be addressed in this 
hapter: a general approa
h totunneling between two reservoirs, the impa
t of a magneti
 �eld, and �nally thetransport properties within the layers themselves, i.e. the in
uen
e of disorder.This suggests to divide the 
hapter into three parts:11



12 CHAPTER 3. THE CURRENT FORMULA� In se
tion 3.1 the tunneling Hamiltonian formalism is presented and a 
ur-rent formula is derived. The formula is kept as general as possible; thespe
i�
 features of the setup under investigation will be introdu
ed later.� The modi�
ations of the formula 
aused by a weak, in-plane magneti
 �eldare shown in se
tion 3.2.� Se
tion 3.3 is 
on
erned with the transport within the layers. The in
uen
eof disorder is reviewed using a diagrammati
 approa
h to 
al
ulate impurityaverages. This is ne
essary to 
al
ulate the average 
urrent as well as its
u
tuations.3.1 The tunneling HamiltonianThe tunneling Hamiltonian was introdu
ed in 1962 by Cohen et al. [2℄ to explainexperimental results on tunneling between normal metals and super
ondu
tors.Sin
e then it has been widely used to des
ribe tunneling in super
ondu
tors,but the underlying 
on
ept is more general. In the following, we will derive aformula for the tunneling 
urrent starting from this 
on
ept and also dis
uss itslimitations. The outline of the se
tion is based on Mahan's book [44℄. For analternative dis
ussion see e.g. [45℄.Consider two 
ondu
ting layers, labeled 1 and 2, separated by an insulating bar-rier. The basi
 idea is to de
ompose the Hamiltonian of the total system intothree terms: H = H1 +H2 +HT ; (3.1)where H1 (H2) is the Hamiltonian for layer 1 (2) while HT des
ribes tunnelingthrough the barrier.Thus, the tunneling 
an be separated from the physi
s within the layers. The Hi(i 2 f1; 2g) may 
ontain impurity s
attering, ele
tron-ele
tron intera
tions, ... ,i.e. all the many-body intera
tions on either side of the tunneling jun
tion. Sofar nothing has to be known about their properties. The only assumption is thatthe two sides are independent, and therefore[H1; H2℄ = 0 :In fa
t we even need the stronger 
ondition that the Hamiltonians 
ommuteterm by term. If H1 
an be expressed in terms of a set of Fermi 
reation andannihilation operators 
yk; 
k while H2 is expressed in terms of a di�erent set ofoperators 
yp; 
p (where k; p are the quantum numbers appropriate for the problemof interest), we have to 
laim that these operators anti
ommute. That isf
k; 
ypg = 0 ; f
p; 
ykg = 0 :



3.1. THE TUNNELING HAMILTONIAN 13The 
oupling between the two layers is 
ontained in HT whi
h has the followingform: HT =Xk;p (Tkp
yk
p + T �kp
yp
k) ; (3.2)where Tkp are the tunneling matrix elements. T �kp = Tpk is the 
omplex 
onjugateof Tkp. The �rst term des
ribes tunneling from layer 2 to layer 1, i.e. an ele
tronwith quantum number p is annihilated in layer 2 and an ele
tron with quantumnumber k is 
reated in layer 1, the amplitude for this being Tkp, while the se
ondterm des
ribes the inverse pro
ess.The tunneling 
urrent is now de�ned as the expe
tation value of the rate of
hange of the number of parti
les Ni in one layer, say layer 2, multiplied by their
harge �e: I(t) = �eh _N2i ; (3.3)where h:::i denotes the expe
tation value and _N2 = ddtN2.Sin
e the Hi 
onserve the parti
le number, i.e. [Hi; Nj℄ = 0, the equation ofmotion for N2 =Pp 
yp
p redu
es to1_N2 = i[HT; N2℄ = iXk;p (Tkp
yk
p � T �kp
yp
k) : (3.4)In the following we 
hoose the intera
tion representation withHT as perturbation:O(t) = ei ~HtOe�i ~Ht for any operator O, with ~H being the unperturbed part of theHamiltonian, i.e. ~H = H1+H2. Then linear response theory2 gives the expressionfor the 
urrent in leading order in Tkp:I(t) = �ie Z t�1dt0 h[ _N2(t); HT(t0)℄i : (3.5)Multiple tunneling 
ontributions are negle
ted. This is reasonable as long as thetunneling probability is suÆ
iently low.The next step in the derivation is to introdu
e the applied voltage V into theformula. This 
an be done by insertion of the 
hemi
al potentials of the lay-ers. For the Hamiltonian with respe
t to the 
hemi
al potential the symbolKi is used (Ki = Hi � �iNi). Sin
e the number operators Ni 
ommute with~H = ~K + �1N1 + �2N2, it is possible to separate the exponentials in the timeevolution of the operators: e�i ~Ht = e�i ~Kte�i(�1N1+�2N2)t. The 
ommutator of HTwith the number operators then produ
es a fa
tor e�i(�2��1)t. The di�eren
e of1For 
onvenien
e, natural units where ~ = 1 are used throughout this work.2The steps leading to Eq. 3.5 are very similar to the derivation of the Kubo formula.



14 CHAPTER 3. THE CURRENT FORMULAthe 
hemi
al potentials 
an be identi�ed as the applied voltage: �2��1 = eV . Weassume that both sides of the tunneling jun
tion are in separate thermodynami
equilibrium.Introdu
ing the shorthand notation A(t) = Pk;p Tkp
yk(t)
p(t), where now thetime dependen
e is governed by K1 and K2, respe
tively, the equation takes theformI(t) = e Z t�1dt0 h[e�ieV tA(t)� eieV tAy(t); e�ieV t0A(t0) + eieV t0Ay(t0)℄i : (3.6)There are four di�erent terms: the 
ontributions 
ontaining AAy or AyA des
ribethe single-parti
le tunneling while the others are responsible for pair tunneling,known as the Josephson e�e
t in super
ondu
tors [46℄. Here, we will only be
on
erned with normal 
ondu
ting materials. Thus, writingI = IS + IJ (3.7)for the single-parti
le and the Josephson 
ontribution, we only need to 
onsiderIS = e 1Z�1 dt0 �(t� t0)�eieV (t0�t)h[A(t);Ay(t0)℄i � e�ieV (t0�t)h[Ay(t);A(t0)℄i	 :(3.8)Sin
e the expression in the integral 
an be shown to depend on the time di�eren
e�t = t� t0 only, IS is time-independent. (In the following the index S will bedropped again.)The �rst term has the form of a retarded 
orrelation fun
tion while the se
ondterm is just its Hermitian 
onjugate. De�ning~Xret(t) = �i�(t)h[A(t);Ay(0)℄i ; (3.9)the single-parti
le tunneling 
urrent takes the simple formI(eV ) = �2e Im [Xret(�eV )℄ ; (3.10)where Xret(�eV ) is the Fourier transform of ~Xret(t). For further evaluation it is
onvenient to use the Matsubara formalism (see appendix A), i.e.X (i!) = � Z �0 d�hT� A(�)Ay(0)i ei!�= � Xk;p;k0;p0 TkpT �k0p0 Z �0 d�hT� 
yk(�)
p(�)
yp0(0)
k0(0)i ei!� ;



3.1. THE TUNNELING HAMILTONIAN 15where T� is the � -ordering operator (see appendix A). The 
orrelation fun
tionX (i!) 
an be shown to be related to Xret(�eV ) by analyti
 
ontinuation.Spe
ifying that the quantum numbers k; p are momenta (in the following denotedby bold letters k;p), X (i!) 
an be expressed as the produ
t of two Green's fun
-tions. The expe
tation values are to be taken separately for the di�erent layers,i.e. hT� 
yk(�)
p(�)
yp0(0)
k0(0)i = hT� 
yk(�)
k0(0)ihT� 
p(�)
yp0(0)i, be
ause thelayers are independent. Hen
e,X (i!) = Xk;p;k0;p0 TkpT �k0p0 Z �0 d� G1(k;k0;��)G2(p0;p; �) ei!� : (3.11)Here we assume that the tunneling matrix elements depend only on momentum.This is not true in general, but it is a good approximation if the energy range ofthe parti
les involved is narrow enough. The tunneling parti
les do have energiesnear the Fermi energy �F within an interval determined by the temperature Tand the voltage V . If these energy s
ales are small (�E � �F), the tunnelingmatrix elements 
an be approximated by their value at the Fermi energy.After frequen
y summation (see e.g. [44℄) this �nally leads to the formula [47℄I = 2e Pk;p;k0;p0 TkpT �k0p0 1R�1 d�2� [nF(�)�nF(�+eV )℄A1(k;k0; �)A2(p0;p; �+ eV ) ; (3.12)where nF Fermi distribution fun
tion: nF(�) = (e�� + 1)�1 ���!�!1 �(�),Ai spe
tral fun
tion for layer i:Ai = i(G+i �G�i ) (for the de�nition of G�i see appendix A).There is one more simpli�
ation that 
an be done. As the tunneling probabilityde
ays exponentially with the barrier thi
kness, we assume that tunneling onlyo

urs perpendi
ular to the planes be
ause this involves the smallest distan
e.Then the tunneling matrix elements are diagonal in 
oordinate representation.3In momentum representation they only depend on the di�eren
e of momenta:Tkp = T (p�k). By Fourier transforming Eq. 3.12 we getI = 2eL4 Z d2xd2x0 TxT �x0 Z (d�[eV ℄)A1(x;x0; �)A2(x0;x; �+ eV ) ; (3.13)where the shorthand notation R (d�[eV ℄) = R1�1 d�2� [nF(�) � nF(� + eV )℄ has beenintrodu
ed.This des
ribes a parti
le tunneling at point x from layer 2 to layer 1, propagatingwithin this layer to x0, tunneling ba
k to layer 2 and �nally returning there to itsstarting point x, thus des
ribing a 
losed loop (as depi
ted in Fig. 3.2).3Here it be
omes important that the systems are two-dimensional. Therefore the spatial aswell as the momentum 
oordinates are two-
omponent ve
tors in the x-y-plane. Note that thethird dimension will be needed in the implementation of the magneti
 �eld.
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Figure 3.2: S
hemati
 setup with 
urrent loop.Let us summarize. In this se
tion an expression for the tunneling 
urrent basedon the tunneling Hamiltonian model has been derived. Linear response theory inHT has led to a formula whi
h is quadrati
 in the tunneling matrix elements andhas the form of a spe
tral fun
tion. In the derivation the following assumptionshave been made:� The two sides of the tunneling jun
tion are independent systems whi
h onlyintera
t via the tunneling matrix elements. Without tunneling they are inseparate thermodynami
 equilibrium.� The tunneling probability is small enough to be 
onsidered as a pertur-bation. Therefore multiple tunneling events 
an be negle
ted and linearresponse theory applies. Furthermore, the tunneling matrix elements donot depend on energy.� Tunneling o

urs only perpendi
ular to the barrier. Other pro
esses arenegligible sin
e the tunneling probability de
ays exponentially with dis-tan
e.For these assumptions to be adequate, the experimental setup has to satisfysome requirements. However, these 
onditions 
an be ful�lled in a typi
al setup.Therefore they are not too restri
tive.� The barrier has to be rather thi
k. A typi
al value would be in the orderof a few tens of nanometers.� The applied voltage has to be small 
ompared to the Fermi energy. We willsee later that the interesting range of voltages for the problem to study iseven mu
h smaller.



3.2. THE EFFECTS OF AN IN-PLANE MAGNETIC FIELD 17Having derived the general tunneling formula, the next step will be to implementthe modi�
ations 
aused by a magneti
 �eld.3.2 The e�e
ts of an in-plane magneti
 �eldThe parti
ular situation to be studied in this work is the appli
ation of a weak,homogeneous, in-plane magneti
 �eld B. In 
ontrast to the appli
ation of aperpendi
ular magneti
 �eld, this does not give rise to energy quantization inLandau levels.De�ning a 
oordinate system as shown in Fig. 3.1 with the z-axis perpendi
ularto the planes and the origin situated in layer 2, we 
an 
hoose a gauge wherethe 
orresponding ve
tor potential A lies in the x-y-plane as well as B itself.Then its value depends only on z: A = zB� ez, where ez is the unit ve
tor inz-dire
tion.4 Within the layers this has the 
onstant valuesA(1) = dB� ez and A(2) = 0 ;where d is the distan
e of the 2DEGs.The tunneling formula in momentum representationThe ve
tor potentialA is implemented into the Hamiltonian by minimal 
oupling,thus shifting the momentum k to K = k�eA.This implies that the magneti
 �eld dependen
e 
an be in
orporated in the spe
-tral fun
tions (or Green's fun
tions) for layer 1 while not a�e
ting the other layer.Due to the fa
t that A is 
onstant within the planes, the e�e
t in layer 1 amountsto a shift of the origin of momentum by edB� ez.
k F

   AeThen the Green's fun
tion with magneti
 �eld A1(k;k0; �;B) is just the zero-�eldGreen's fun
tion where k(0) is repla
ed by K(0), i.e.A1(k;k0; �;B) = A1(K;K0; �;B = 0) : (3.14)4Only in this se
tion three-
omponent ve
tors are used. After having �xed the values of theve
tor potential within the di�erent layers, the additional z-
omponent of the spatial 
oordi-nates 
an be 
hosen to be an arbitrary 
onstant.



18 CHAPTER 3. THE CURRENT FORMULAThis leads to the following expression for the tunneling 
urrent:I = 2e Xk;p;k0;p0 TkpT �k0p0 Z (d�[eV ℄)A1(K;K0; �)A2(p0;p; � + eV ) : (3.15)The tunneling formula in 
oordinate representationHere it is most 
onvenient to attribute the entire magneti
 �eld dependen
e tothe tunneling matrix elements, giving them a phase fa
tor:Tx �! Txe�ie R xxo A(x0)dx0 = Txe�ied(B�ez)(x�xo) ; (3.16)where xo is an arbitrary starting point. The 
hoi
e of xo does not a�e
t theresult be
ause in the 
urrent formula only the produ
t TxT �x0 appears, so that xo
an
els. Then the tunneling 
urrent is given asI = 2eL4 Z d2xd2x0 TxT �x0 Z (d�[eV ℄) e�ied(B�ez)(x�x0)A1(x;x0; �)A2(x0;x; �+ eV ) :(3.17)Thus, the magneti
 �eld enters the equation as the 
ux � en
losed by the 
urrentloop: e�ied(B�ez)(x�x0) = e2�i�=�o ;where � = dB(�x)? with (�x)? = (x�x0)� ez and �o = h=e.The parti
ular paths within the layers do not play a role as only the distan
e,perpendi
ular to the magneti
 �eld, of the tunneling sites determines the e�e
t.
x

x’

B
φWe now 
an de�ne a magneti
 lengthlm � p2(eBd)�1 ; (3.18)given by the relation �'(lm) = 2��(lm)=�o := 1. Our de�nition di�ers fromthe usual magneti
 length ~lm = (eB)�1=2 be
ause of the spe
i�
 geometry. In amagneti
 �eld perpendi
ular to the plane, the magneti
 length ~lm is de�ned insu
h a way that the area F = 2�~l2m en
loses one 
ux quantum. Sin
e in our 
asethe relevant area does not lie within the plane but between the two layers, and thedistan
e between them is �xed, only one side of the en
losed area, i.e. the distan
ewithin the x-y-plane, may be varied. Furthermore, only the area perpendi
ularto the magneti
 �eld is relevant be
ause � = BF?. In order to a

ount for this,the de�nition of lm has to be 
hosen in the following way:



3.3. GREEN'S FUNCTIONS AND IMPURITY AVERAGES 191. The two sides of the relevant area are treated di�erently, i.e. �(lm) � Blmd(in 
ontrast to �(~lm) = B~l2m). Therefore the magneti
 length is proportionalto (eBd)�1.2. The orientation of the magneti
 �eld and the 
urrent loop has to be 
on-sidered: F? = F jsin�j. Sin
e no parti
ular dire
tion is preferred, weaverage over all angles. Thus, the average area perpendi
ular to the �eld ishF?i = F=p2, whi
h leads to the fa
tor p2 in (3.18).De�ning the magneti
 length lm in that way, the area F = 2�lmd en
loses one
ux quantum on average.We will see that both pi
tures, the 
oordinate as well as the momentum repre-sentation, are very useful in explaining the 
urrent 
hara
teristi
s. The relativeshift of the two Fermi 
ir
les gives us a qualitative understanding of the overallshape of the I-B-
urve. This will be explained in se
tion 4.1 when dis
ussing thetunneling 
urrent between '
lean' 2DEGs. The en
losed 
ux sets the magneti
length in relation with typi
al length s
ales of the system. That is why the �elddependen
e of the tunneling 
urrent allows one to study transport properties ofthe 2DEGs. This is an important point to be dis
ussed in mu
h more detail in
hapter 4 under di�erent aspe
ts.3.3 Green's fun
tions and impurity averagesIn the 
urrent formula (3.12) two spe
tral fun
tions appear. As they are 
ombi-nations of Green's fun
tions, we now will dis
uss the properties of those.The simplest 
ase is that of a '
lean' system without disorder, i.e. a pure metal.Negle
ting ele
tron-ele
tron intera
tions, the ele
trons 
an be des
ribed as freeparti
les in a Fermi sea. Their propagation is 
hara
terized by the unperturbedGreen's fun
tion G�o . In general, the situation is more 
ompli
ated be
ause arealisti
 system always 
ontains some impurities. Thus, a parti
le moving throughthe system is s
attered. In the dis
ussed heterostru
tures e.g., the ele
trons ares
attered from the remote donors. Then it is not possible to 
al
ulate the exa
tGreen's fun
tion for the problem. Assuming weak disorder, the Green's fun
tionfor the disordered system 
an be obtained using perturbation theory.The unperturbed Green's fun
tion G�oThe Green's fun
tion G�o des
ribing the propagation of a free parti
le is wellknown. The problem is invariant under translation, and the Green's fun
tion



20 CHAPTER 3. THE CURRENT FORMULAG�o (r� r0;E) is determined by the di�erential equation(E � i� �Ho(r))G�o (r� r0;E) = Æ(r� r0) ; (3.19)where � 2 R+ is an in�nitesimal quantity ne
essary to shift the poles away fromthe real axis (see appendix A) and Ho(r) = �r2=(2m).After Fourier transformation we �ndG�o (k;E) = 1E � �k � i� ;where �k = k2=(2m).Or, measuring the energy with respe
t to the 
hemi
al potential (� = E � �),G�o (k; �) = 1�� �k � i� (3.20)with �k = �k � �.The spe
tral fun
tion is a Æ-distribution:Ao(k; �) = 2�Æ(�� �k) : (3.21)In 
oordinate representation, the form of the Green's fun
tion depends on thedimensionality of the system. The result in 2D isG�o (r� r0; 0) = �i��Jo(kF jr� r0j) ; (3.22)where � is the density of states (DOS) at the Fermi energy. Jo(x) = 1� R �0 d' eix 
os'is the zeroth order Bessel fun
tion of the �rst kind.A system with disorder 
an be modeled by introdu
ing a random potential V (r)into the Hamiltonian: H = Ho + V (r) where V (r) = PNimpi=1 ui(r) (Nimp: totalnumber of impurities, ui: potential of the i-th impurity). Ea
h sample is 
hara
-terized by a spe
i�
 impurity 
on�guration. The Green's fun
tion for this system
an be very 
ompli
ated as it depends on the position of every single impurityas well as the strength (and form) of its potential. Usually, these details are notavailable. Furthermore, knowing the Green's fun
tion for one parti
ular 
on�g-uration would not allow one to make predi
tions for any other sample. That iswhy it is ne
essary to 
al
ulate averages over di�erent realizations of the disorder.



3.3. GREEN'S FUNCTIONS AND IMPURITY AVERAGES 21Ensemble averagingInstead of 
hoosing one spe
i�
 disorder potential, a random potential is takenfrom a 
ertain probability distribution P[V (r)℄. For any fun
tional F [V (r)℄ theimpurity average fP (r) is then de�ned asfP (r) � hF [V (r)℄i = Z D[V (r)℄ P[V (r)℄F [V (r)℄ ; (3.23)where D[V (r)℄ is the integration measure.5For example, we 
ould 
hoose the positions (Edwards [48℄) or the strengths (An-derson [49℄) of the impurities to be random, but in fa
t, it is not ne
essary toknow the details of the distribution fun
tion. It is suÆ
ient to make the usualassumption that the distribution fun
tion be Gaussian, thus being 
hara
terizedby its mean value hV (r)i and the 
orrelation hV (r)V (r0)i. ChoosinghV (r)i � 0 ; (3.24)there are two parameters left, namely a potential 
orrelation strength Vo and apotential 
orrelation length lV :hV (r)V (r0)i = V 2o e� jr�r0j2l 2V :If lV is smaller than any other relevant length s
ale in the system it 
an be takento zero, leading to a Æ-
orrelated white-noise potential:hV (r)V (r0)i = 
Æ(r� r0) ; (3.25)where 
 = V 2o =(�l 2V ) is kept �nite by taking the limit Vo ! 1 at the sametime. Now the distribution is 
hara
terized by a single parameter, representingthe strength of a point-like s
atterer.Still it is not possible to 
al
ulate the impurity average exa
tly. Thus, an expan-sion of the Green's fun
tion is needed. This 
an best be illustrated in the formof diagrams. Therefore, a brief introdu
tion to diagrammati
s follows in the nextparagraph.Diagrammati
sIn order to �nd a diagrammati
 representation of the problem, some rules haveto be spe
i�ed. The obje
ts involved are the full Green's fun
tions G(p;p 0; �),the unperturbed Green's fun
tions Go(p; �), and the disorder potential ~V withthe 
orresponding symbols (see e.g. [50℄):5Usually the integration measure is given by the produ
t D[V (r)℄ = limN!1QNi=1 dVi,where Vi = V (ri).



22 CHAPTER 3. THE CURRENT FORMULA� The full Green's fun
tion G(p;p 0) is represented as a thi
k solid line withan arrow. The two momenta p;p 0 are written at the end of the line withthe arrow pointing from the �rst argument (p) to the se
ond (p 0).
p p’� The unperturbed or 'bare' Green's fun
tion is diagonal in momentum, i.e.Go(p;p 0) � Go(p)Æ(p � p 0). It is represented by a thin solid line with anarrow labeled by the momentum p.

p� Impurity s
attering is represented by a dashed line with a 
ross at the end.6
The fun
tion G(p;p 0) then 
an be written as a sum of diagrams made out of Go-lines and impurity verti
es as shown in Fig. 3.3, where the internal momenta haveto be summed over. This 
orresponds to an expansion in terms of the disorderpotential ~V that 
an be written in a symboli
 way (omitting all momentumarguments): G = Go +Go 1Xn=1( ~V Go)n :

p . δ ( p - p’ )
+ +

p p’ p p’’ p’
+ . . .=

p’p Figure 3.3: Expansion of the full Green's fun
tion for one realizationof the disorder.It turns out that it is not suÆ
ient to retain only the leading term in V . Instead,the perturbation series has to be summed up to in�nite order, but only 
onsidering
ertain 
lasses of relevant diagrams. This will be dis
ussed in the following forthe single-parti
le Green's fun
tion as well as for the 
orrelations of two Green'sfun
tions.6Expli
itly, this represents ~V (pin�pout) be
ause the s
attering pro
ess involves a momentumtransfer q = pin�pout.



3.3. GREEN'S FUNCTIONS AND IMPURITY AVERAGES 233.3.1 The single-parti
le Green's fun
tion for a disorderedsystemFirst we evaluate the single-parti
le Green's fun
tion. After averaging the sys-tem is homogeneous. Therefore the impurity averaged Green's fun
tion be
omestranslationally invariant: hG(p;p0)i � g(p)Æ(p� p0) :This will be represented diagrammati
ally by a thi
k line with one momentumargument.
pDiagrams with single impurity lines disappear under averaging sin
e hV i = 0.Then, assuming weak disorder, only diagrams with paired impurity lines have tobe summed up (as depi
ted in Fig. 3.4).

+ . . .

= +

+

+

p p p p’ p

p p’ p p

( A )

( B )

p’’

+

( C )

pp p’ p-p’+p’’p’’ p p’ p’ p

( D )

p’’

Figure 3.4: Expansion of the full Green's fun
tion after impurity av-eraging.We now 
an distinguish redu
ible and irredu
ible diagrams. Diagrams that 
an besplit into two diagrams by 
utting one Go-line are 
alled redu
ible (e.g. diagramB in Fig. 3.4). I.e. these redu
ible diagrams 
an be built up out of irredu
iblediagrams. Colle
ting all irredu
ible diagrams (without their external Go-lines) inthe so-
alled self-energy �, the impurity averaged Green's fun
tion g is given bya Dyson equation (see Fig. 3.5):g = Go +Go 1Xn=1(�Go)n = Go +Go�g () g = Go1� �Go : (3.26)
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p p pp

= + ΣFigure 3.5: Diagrammati
 representation of the Dyson equation.Thus, we are able to sum up the perturbation series to in�nite order. But we 
annot 
al
ulate the self-energy, whi
h still 
onsists of an in�nite series of diagrams,exa
tly.The 
ontribution to the self-energy of diagram A in Fig. 3.4, being the lowestorder 
ontribution in V , is given by��o (p) = Z (dq)V (q)G�o (p� q; �)V (�q) ;where the shorthand notation (dq) = L2=(4�2) d2q has been introdu
ed.Sin
e the potential is Æ-
orrelated in real spa
e, its Fourier transform does notdepend on momentum. Therefore � is 
onstant in momentum spa
e, too. Hen
e,��o = 
 Z (dp)G�o (p; �) : (3.27)The real part of � only leads to a shift in energy and therefore 
an be absorbedin the ground state energy, while the imaginary part isIm��o = �
� Z (dp)Æ(�� �p)= �
�L2� � � 12� ; (3.28)de�ning the mean free time � . The asso
iated length s
ale is the mean free pathl = vF� (vF Fermi velo
ity).In the 
ase of weak disorder ��1 � �F, the self-energy 
an be seen as an expansionin the small parameter (kFl)�1 � (�F�)�1 where the leading order 
ontribution isgiven by the expression 
al
ulated above. Diagrams with interse
ting impuritylines (as diagram C in Fig. 3.4) are suppressed due to the requirement that themomenta of all Green's fun
tions be near the Fermi surfa
e; for su
h a diagramthis is only the 
ase for a limited range of angles while for the relevant diagrams wehave a free momentum integration. Diagrams like D in Fig. 3.4 
ould be in
ludedby making Eq. 3.27 self-
onsistent, i.e. repla
ing Go by the impurity averagedGreen's fun
tion g, but in fa
t the 
orre
tions are higher order in (kFl)�1, too.Therefore the result obtained above (3.28) is suÆ
ient to determine the self-energy � in the self-
onsistent Born approximation (SCBA).



3.3. GREEN'S FUNCTIONS AND IMPURITY AVERAGES 25Inserting this into the Dyson equation, we �nally get the averaged Green's fun
-tion g�(p; �; �) = 1(G�o (p; �))�1 � ��= 1�� �p � i2� : (3.29)We 
an also have a look at the spe
tral fun
tion a(p; �; �). The Æ-distributionof the unperturbed problem is smeared out, giving a Lorentzian of width ��1instead: a(p; �; �) = 1�(�� �p)2 + 14�2 : (3.30)In 
oordinate representation, disorder leads to a de
ay of the Green's fun
tion onthe length s
ale of the mean free path, i.e.g�(r� r0; �) = G�o (r� r0) � e�jr�r0j2 l : (3.31)Thus, the de�nition of � is justi�ed; it represents the typi
al de
ay time of aplane-wave state.3.3.2 Correlations hG�G�i
+ + + +

( a ) ( b ) ( c ) ( d ) ( e )

+  . . .

( f )

+Figure 3.6: Diagrams 
ontributing to hG�G�i.Having found the impurity averaged one-parti
le Green's fun
tion, we now 
ango on to 
al
ulate 
orrelations between two Green's fun
tions. We will see that,depending on their momentum arguments, one of two di�erent 
ontributions isdominant.The expression to evaluate ishG+(p1;p01; �1)G�(p2;p02; �2)i :Again we have to sum up di�erent diagrams with paired impurity lines as shownin Fig. 3.6. The solid lines here represent impurity averaged Green's fun
tions



26 CHAPTER 3. THE CURRENT FORMULAalready. The dis
onne
ted part is given by diagram (a) whi
h is just the produ
tof the two Green's fun
tions averaged separately. Hen
e,hG+G�i = g+g� + hG+G�i
 :As before, diagrams with interse
ting impurity lines like (d) and (f) only givesmall 
ontributions due to restri
tions on the angular integration. The dominantdiagrams are series of ladder diagrams (starting with (b), (
), ...) and maximally
rossed diagrams (starting with (b), (e), ...). The 
ontribution of these 
onne
teddiagrams 
an be written ashG+(p1;p01; �1)G�(p2;p02; �2)i
 (3.32)= g+(p1; �1; �)g�(p2; �2; �)�(p1;p2;p01;p02; �1; �2)g+(p01; �1; �)g�(p02�2; �) ;thus de�ning the redu
ible vertex fun
tion �(p1;p2;p01;p02; �1; �2).7 By overallmomentum 
onservation one gets a Æ-distribution Æ(p1�p2�p01+p02), i.e. onlythree momenta are independent. As we will see, � does not depend on all theremaining momenta and the two energies, but only on 
ertain 
ombinations ofthem.

p p’ p pp’’ p’’’p’ p’’ p’

-p’+ Q -p + Q -p + Q -p + Q-p’+ Q -p’+ Q -p’’’+ Q -p’’+ Q-p’’+ Q

p p’

p + q p’+ q p + q p’’+ q p’+ q

p’’p p’

p + q p’+ qp’’+ q

p’p’’p p’’’

p’’’+ q

+ +

+ +

+  . . .

+  . . .

Figure 3.7: Ladder and maximally 
rossed diagrams.
Ladder diagramsLet us �rst treat the summation of the ladder diagrams. Due to momentum
onservation at ea
h vertex, the momentum di�eren
e q � p1�p2(= p01�p02)7In the 
ase of two-parti
le fun
tions, a diagram is 
alled redu
ible if it 
an be split into twoseparate diagrams by 
utting two g-lines. The vertex fun
tion � 
ontains diagrams with thisproperty (but also irredu
ible diagrams!).
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onstant and �lad only depends on this di�eren
e. Furthermore, the energydependen
e is determined by the di�eren
e ! = �1� �2. Therefore we 
hangevariables from p1;p2 to p;q and �1; �2 to �; !. Then �lad(q; !) is given by aBethe-Salpeter equation, the two-parti
le analogue of the Dyson equation (seeFig. 3.8):�lad(q; !) = 
 + 
h Z (dp00)g+(p00 + q; � + !; �)g�(p00; �; �)| {z }� �lad(q; !) i�lad(q; !) :Therefore we only have to 
al
ulate the irredu
ible vertex fun
tion �lad(q; !) inorder to get �lad(q; !) = 
1� 
�lad(q; !) : (3.33)
ladΓ ladΓ= +Figure 3.8: Diagrammati
 representation of the Bethe-Salpeter equa-tion.Anti
ipating the result that �lad diverges for q; ! ! 0, we 
an approximate �ladfor small q; !: �lad(q; !) ' 2�L2��(1 + i!� �Dq2�) ; (3.34)where D = 12v2F� is the di�usion 
onstant.Re
alling that 
 = (2���)�1, we �nally obtain the sum of the ladder diagrams:�lad(q; !) = 12�L2�� 2 1Dq2 � i! : (3.35)This is a di�usion pole. Therefore �lad is 
alled a di�uson and denoted as D(q; !)in the following. It is the dominant 
ontribution for p1 � p2.Maximally 
rossed diagramsThis 
lass of diagrams has �rst been 
onsidered by Langer and Neal [51℄; for adetailed dis
ussion of maximally 
rossed diagrams (in the 
ontext of weak lo
al-ization) see e.g. [9℄.



28 CHAPTER 3. THE CURRENT FORMULAA maximally 
rossed diagram 
an be 
onverted to a ladder diagram by reversingone G-line (see Fig. 3.9). Sin
e now all the arrows point in the same dire
tion,momentum 
onservation at the verti
es requires the momentum sum p1+p02 to be
onstant. The energy dependen
e is the same as for the ladder diagrams. Thenthese diagrams 
an also be summed with a Bethe-Salpeter equation. The resulthas obviously the same form as the one obtained above for the ladders, but it nowinvolves the momentum sum Q = p1+p02 instead of the momentum di�eren
eq = p1�p2, i.e. �m
(Q; !) = 12�L2�� 2 1DQ2 � i! : (3.36)
p p’’ p’ p p’’ p’

-p + Q-p’+ Q -p’’+ Q -p + Q -p’’+ Q -p’+ Q

Figure 3.9: The equivalen
e of maximally 
rossed and ladder diagrams.This is 
alled a Cooperon and denoted as C(Q; !) in the following. It is thedominant 
ontribution for p1 � �p02.Colle
ting the results, we get the following expression for the redu
ible vertexfun
tion: �(p1;p2;p01;p02; �1; �2)= Æ(p1�p2�p01+p02)�(D(p1�p2; �1��2) for p1 � p2 ;C(p1+p02; �1��2) for p1 � �p02 ; (3.37)where the fun
tions D and C are given by Eqs. 3.35 and 3.36, respe
tively.In both 
ases there are two 'free' momenta left. One momentum argument hasbeen �xed by momentum 
onservation while a se
ond momentum argument isrestri
ted to a small relevant range where the 
ontributions are dominant.The above formulae have been obtained for the 
orrelation hG+G�i. This 
anbe �xed in the notation by writing �+�. To get the 
orresponding results forhG�G+i, one just has to take the 
omplex 
onjugate of � whi
h is equivalent torepla
ing ! by �!, i.e.��+(!) = ��+��� (!) = �+�(�!) : (3.38)



3.3. GREEN'S FUNCTIONS AND IMPURITY AVERAGES 29Averages of the form hG+G+i or hG�G�i are given by the dis
onne
ted partsg+g+ and g�g�, respe
tively. Due to the pole stru
ture, the vertex fun
tion �vanishes. Thus, �++ = ��� = 
, i.e. no long-ranged 
orrelations exist.Now all the methods needed for the evaluation of the tunneling 
urrent have beenaddressed. First, the model of the tunneling Hamiltonian has been introdu
ed andits s
ope of validity has been dis
ussed. Then the 
oupling to the magneti
 �eldhas been implemented into the formula for the tunneling 
urrent. The results havebeen shown in momentum and 
oordinate representation. And �nally, the one-parti
le and two-parti
le Green's fun
tions of the 2DEGs have been evaluated,using a diagrammati
 approa
h.
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Chapter 4Appli
ationsThe formalism established in the previous 
hapter leads to a 
onsiderable redu
-tion of the 
omplexity of the problem. Now, all physi
al properties of the systemare 
ontained either in the tunneling matrix elements or in the spe
tral fun
tionsof the di�erent layers. Thus, we have to spe
ify these quantities when studyinga parti
ular setup.The tunneling matrix elementsIn the derivation of the tunneling 
urrent (Eqs. 3.15 and 3.17), two assumptionsabout the tunneling matrix elements have already been implemented:� The energy dependen
e of the tunneling matrix elements 
an be negle
tedas the parti
le energies involved are 
lose to the Fermi energy.� Sin
e the tunneling probability de
ays exponentially with the barrier width,the dominant pro
ess is tunneling perpendi
ular to the barrier. Conse-quently other pro
esses are negle
ted, i.e. Txx0 = TxÆ(x�x0).Now the spatial (or momentum) dependen
e of the tunneling matrix elementshas to be established. One 
an imagine two extreme opposite setups: Either thetunneling matrix elements are 
onstant in spa
e, or tunneling is only allowed atsome spe
i�
 points of the plane. In the latter 
ase the distan
e between thesetunneling 
enters would determine the behavior.Unfortunately it is out of the s
ope of the present work to study both situations.Therefore all the investigations will be restri
ted to the uniform 
aseTx � T :This implies that momentum is 
onserved in tunneling: Tkp = TÆ(p�k). Ingeneral, i.e. in arbitrary dimensions, only the momentum parallel to the barrier31



32 CHAPTER 4. APPLICATIONSis 
onserved, but in a 2DEG this is equivalent to 
onservation of total momentum.This spe
i�
 feature of two-dimensional systems will be important in the followingas it leads to sharp features in the I-V - as well as the I-B-
hara
teristi
s.The assumption of uniform tunneling requires the distan
e d between the 2DEGsto be 
onstant with high pre
ision. As the tunneling probability depends expo-nentially on the barrier width, even small variations would lead to preferentialtunneling at the points where the barrier is thinnest. It is diÆ
ult to say to whatdegree this 
an be realized experimentally be
ause it is not possible to measuredire
tly the homogeneity of the sample. As well as disorder, interfa
e roughnesswould lead to a smearing of the 
urrent 
hara
teristi
s due to momentum non-
onserving tunneling pro
esses [52℄. Nevertheless, tunneling experiments with2DEGs (see e.g. [22℄) are in good agreement with theoreti
al approa
hes assum-ing 
onstant tunneling matrix elements. Therefore Tx � 
onst: should be areasonable approximation.In
orporating this into the formulae (3.15) and (3.17), the �nal expression wewill use for the 
al
ulation looks as follows:I = 2e jT j2Xk;k0 Z (d�[eV ℄)A1(K;K0; �)A2(k0;k; �+ eV ) (4.1)= 2eL4 jT j2Z d2xd2x0Z (d�[eV ℄) e�ieA(x�x0)A1(x;x 0; �)A2(x 0;x; �+eV ) :(4.2)Furthermore, we assume that the disorder potentials of the 2DEGs are un
orre-lated. As mentioned in 
hapter 2, 
orrelations are only important if the impu-rities, i.e. the 
harged donors, are pla
ed between the 2DEGs. In a usual setupthis is not the 
ase. The in
uen
e of 
orrelated disorder on the average tunneling
urrent has been investigated by Zheng and Ma
Donald [23℄.In the 
al
ulations the momentum representation will be used. Applying theimpurity averaging as des
ribed in se
tion 3.3.1 to formula (4.1), we gethIi = 2e jT j2Xk Z (d�[eV ℄) a1(k� eA; �; �)a2(k; � + eV ; � 0) : (4.3)The averages 
an be taken separately be
ause the disorder potentials of the twolayers are un
orrelated. Then we 
an also write down immediately the formulafor the average of the 
urrent squared:hI2i = 4e2 jT j4 Xk;k0;p;p0 Z (d�[eV ℄) (d�0 [eV ℄) (4.4)hA1(K;K0; �)A1(P;P0; �0)i hA2(k0;k; �+eV )A2(p0;p; �0+eV )i :Sin
e, depending on the 
hosen setup, di�erent 
ontributions are important, thisformula will be kept in its general form for the time being.



4.1. TUNNELING BETWEEN TWO CLEAN 2DEGS 33The 2DEGsAs dis
ussed in se
tion 3.3, the 2DEGs are 
hara
terized by their 
hemi
al poten-tial � and their mean free time � . The 
ondition that the 
hemi
al potentials bemat
hed has already been in
orporated in the derivation of the tunneling formula(see se
tion 3.1). However, the mean free time � 
an be 
hosen independentlyfor ea
h layer. Hen
e, there are three di�erent setups to be studied. As we willsee, they show similar results for the average 
urrent but not for the 
urrent
u
tuations.� For pedagogi
al reasons we �rst dis
uss tunneling between two 
lean 2DEGs(�!1) in se
tion 4.1. Even this simple 
ase gives a very intuitive pi
tureof the magneti
 �eld e�e
ts on the 
urrent. Therefore this se
tion providesa basis for dis
ussing the general features of the I-B-
hara
teristi
s. Onlythe average 
urrent has to be 
al
ulated sin
e hI2i = hIi2, obviously.� In se
tion 4.2 tunneling from a 
lean to a disordered 2DEG is studied. First,we dis
uss the in
uen
e of disorder on the average 
urrent before 
omingto the 
urrent 
u
tuations (�I)2. The di�erent 
ontributions are identi�edand their �eld dependen
e is evaluated.� In se
tion 4.3 tunneling between two disordered 2DEGs is studied. Asalready mentioned, the impurity potentials on either side of the jun
tionare supposed to be un
orrelated. The stru
ture of this se
tion follows thesame lines as the previous one.The 
al
ulations are performed at zero temperature. As the temperature depen-den
e is 
ontained in the Fermi distribution fun
tions nF, the extension to �nitetemperatures only 
hanges the energy integrations. All the assumptions made inthe following stay valid for low temperatures (kBT � ��1).4.1 Tunneling between two 
lean 2DEGsLet us re
all the formula (4.3) for the tunneling 
urrent derived in the previous
hapter: hIi = 2e jT j2Xk Z (d�[eV ℄) a1(k� eA; �; �)a2(k; � + eV ; � 0) :To evaluate this formula, we now have to spe
ify the spe
tral fun
tions. As bothlayers are 
lean, the unperturbed spe
tral fun
tions Aoi (k; �) = 2�Æ(� � �k) areinserted in pla
e of the ai(k; �; �). Hen
e,hIi = 2e jT j2Xk Z (d�[eV ℄) 2�Æ(�� �k�eA) � 2�Æ(�+ eV � �k) : (4.5)
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ontinuum limit the sum over k is repla
ed by an integral:Xk �! L2 Z d2k4�2 �! L2�2 2�Z0 d'2� 1Z0 d�k ;where L2 is the area of the plane.Be
ause of the Æ-distribution the integral over �k 
an be performed easily. Forsmall enough voltages the energy integration is 
on�ned to a narrow region aroundthe Fermi energy. Therefore we 
an negle
t the energy dependen
e of k = jkjby identifying it with the Fermi momentum kF. Integration over the Fermi dis-tributions then just gives a fa
tor eV , and we are left with an integral over theangle ': hIi(B;V ) = e2V jT j2 L2� 2�Z0 d' Æ(�eV + evFA 
os'� (eA)22m ) (4.6)= 4e2V jT j2 L2� ��(2kF�eA)eA�2meV �eAm �q4k2F � (eA+ 2meVeA )2 (4.7)with A = jAj.Introdu
ing a referen
e 
urrent Io = e jT j2 L2�, the result 
an be rewritten interms of dimensionless quantities:hIiIo (x; tF) = tF2xq1� (x + tF4x)2 ��(1�x)x� tF4 � ; (4.8)where x = eBd=(2kF) = B=Bmax and tF = eV=�F. Bmax = 2kF=(ed) is themaximum �eld for whi
h tunneling o

urs. Thus, x ranges from 0 to 1 whereastF, being the ratio of the applied voltage and the Fermi energy, has to be mu
hsmaller than 1 (as dis
ussed in se
tion 3.1).At zero magneti
 �eld, no tunneling 
urrent 
ows. The 
urrent only sets in atx = 12(1�p1�tF) where it is divergent. With in
reasing magneti
 �eld it qui
klyde
ays, before at x = 12(1+p1�tF) another divergen
e o

urs. For larger �eldsthe tunneling 
urrent is 
ompletely suppressed again.Instead of the 
urrent, let us now dis
uss the tunneling 
ondu
tan
e. Withoutmagneti
 �eld the di�erential 
ondu
tan
e G(V ) = �I�V is proportional to Æ(V );i.e. tunneling is only possible at zero bias. With magneti
 �eld the zero-biasdi�erential 
ondu
tan
e G(B; 0) is given asG(B; 0) = 4e2 jT j2 L2� �(2kF � eA)eAm �p4k2F � (eA)2 : (4.9)
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xFigure 4.1: Tunneling 
ondu
tan
e between two 
lean 2DEGs as afun
tion of the magneti
 �eld (in dimensionless units).
We 
an also introdu
e a dimensionless 
ondu
tan
e �g � G(0) � �F(eIo)�1:�g(x) = �(1� x)2xp1� x2 : (4.10)The tunneling 
ondu
tan
e diverges for x ! 0 (or B ! 0) as well as for x ! 1(or B ! Bmax). The region in between is rather 
at, rea
hing its minimal value�g = 1 at x = 1=p2 . A plot is shown in Fig. 4.1.Qualitatively this result 
an be explained by the relative shift of the Fermi 
ir
lesof the di�erent layers [22℄ as represented in Fig. 4.2. Due to momentum 
onser-vation, tunneling only takes pla
e at the overlap of the two Fermi surfa
es. ForB = 0 the origins 
oin
ide and all k with jkj = kF 
ontribute to the tunneling
ondu
tan
e. With in
reasing magneti
 �eld, the origins move away from ea
hother. At intermediate �elds there are only two points of interse
tion, resulting ina small tunneling 
ondu
tan
e. Rea
hing B=Bmax the 
ir
les tou
h tangentially,
ausing another rise of the tunneling 
ondu
tan
e. For even stronger �elds thetwo Fermi 
ir
les are de
oupled. Then tunneling is 
ompletely suppressed. Thesesharp features are 
hara
teristi
 for two-dimensional systems where energy andmomentum are 
onserved in tunneling.As we will see in the next se
tion, the divergen
es are smeared out in the presen
eof disorder.
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~ (eV) 1/2

B = 0 0 < B < 2k   / ed B = 2k   / ed F F B > 2k   / ed F

k  F Figure 4.2: Qualitative pi
ture of the I-B-
hara
teristi
s.4.2 Tunneling from a 
lean to a disordered 2DEGTe
hni
al progress made it possible over the last few years to produ
e very puresamples with mean free paths up to � 10�m. An additional diÆ
ulty here is thatwe need a 
lean layer 
lose to a disordered layer. In fa
t it is possible to growmulti-layers with mean free paths di�ering by more than an order of magnitude(see e.g. [16, 53℄). Then, in 
omparison with the more disordered layer, one layer
an be 
onsidered as 
lean. In the following, we 
hoose layer 2 to be 
lean whereasfor layer 1 a �nite mean free time � is introdu
ed.4.2.1 The average tunneling 
urrentStarting from the general formula (4.3),hIi = 2e jT j2Xk Z (d�[eV ℄)a1(k� eA; �; �)a2(k; �+ eV ; � 0) ;we now have to insert the unperturbed spe
tral fun
tion Ao2(k; �+eV ) only forthe 
lean layer 2, whereas for layer 1 the impurity averaged spe
tral fun
tiona1(k�eA; �; �) is needed:hIi = 2e jT j2Xk Z (d�[eV ℄) 1�(�� �k�eA)2 + 14�2 � 2�Æ(�+ eV � �k) : (4.11)Up to the last '-integral the 
al
ulations are exa
tly the same as in the previ-ous 
hapter. But sin
e the spe
tral fun
tion for layer 1 is not a Æ-distribution



4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 37anymore, instead of Eq. 4.6, we get here:hIi = e jT j2 L2� eV� 2�Z0 d'2� 1(�eV + evFA 
os'� (eA)22m )2 + 14�2 : (4.12)The remaining integral has been solved analyti
ally, but the exa
t results arequite lengthy and therefore not very illustrative. The full formula 
an be foundin appendix B.1.1. Here we will restri
t ourselves to a dis
ussion of the generalfeatures as well as the asymptoti
 behavior.In the 
ase of two 
lean layers, the 
urrent has been expressed in terms of thedimensionless variables x = B=Bmax for the magneti
 �eld and tF = eV=�F forthe applied voltage. Now, the additional parameter g = kFl as a measure for thestrength of disorder is needed. Note that g is the dimensionless 
ondu
tan
e in2D.Without magneti
 �eld, the integrand of Eq. 4.12 does not depend on ' and wesimply get hIi = e jT j2 L2� eV� 1(eV )2 + 14�2 = Io 2tFg1 + (tFg)2 : (4.13)
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Figure 4.3: I-V -
hara
teristi
s for di�erent strengths of disorder.The tunneling 
urrent depends only on the produ
t tFg = 2eV � . It is maximalfor tFg = 1 where it rea
hes the value hIi = Io. A plot is shown in Fig. 4.3.For tFg � 1 (
orresponding to eV � ��1) the 
urrent is linear in V , i.e. Ohmi
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Figure 4.4: Tunneling 
ondu
tan
e for di�erent strengths of disorderas a fun
tion of the magneti
 �eld.
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Figure 4.5: Details of Fig. 4.4 for x � 0 and x � 1.behavior is re
overed. Con
erning the 
ondu
tan
e, the Æ-peak at V = 0 of the
lean systems has been broadened, the width of the resonan
e being ��1.In Fig. 4.4 the dimensionless 
ondu
tan
e �g(x; g) is plotted for di�erent valuesof g. As we 
an see the 
urrent shows a strong dependen
e on g only near x=0and x = 1. These regions are shown in more detail in Fig. 4.5. By 
ontrast,disorder has only a very weak e�e
t on �g in the 
at region in between. Theg-dependen
e of the tunneling 
ondu
tan
e for di�erent values of the magneti




4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 39�eld is shown in Fig. 4.6. At x=0 the average 
ondu
tan
e �g is linear in g�g(0; g) = 2g � �go(g) ;whereas at x=1 the 
ondu
tan
e shows only a square-root dependen
e on g (forg � 1). Note that the zero-�eld maximum keeps its position with de
reasingg (i.e. the term "zero-�eld maximum" is justi�ed). The high-�eld maximum isshifted to lower values of x. For large g the shift �x = 1�xmax is proportionalto g�1.
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Figure 4.6: Change of the tunneling 
ondu
tan
e with in
reas-ing disorder for di�erent �eld strengths (referen
e 
ondu
tan
e�gref = �g(g=1000)).Furthermore, B =Bmax is not a sharp 
ut-o� anymore. The �g-x-
urve developstails whi
h de
ay like �g(x; g) ' 18gx4 for x� 1 :In the following let us fo
us on the results for weak magneti
 �elds sin
e this isthe region where the 
urrent 
u
tuations are most interesting. In that region thedimensionless tunneling 
ondu
tan
e 
an be approximated by�g(x; g)�go ' 1p1 + 16g2x2 for x� 1 ;' 1� 8g2x2 +O �(gx)4� for x� g�1 :



40 CHAPTER 4. APPLICATIONSNote that gx = 12eBdl. Thus, the de
ay of the tunneling 
ondu
tan
e is 
har-a
terized by the relation between the magneti
 length lm = p2(eBd)�1 (seese
tion 3.2) and the mean free path l:�g(lm; l)�go ' 1� 4� llm�2 +O �(l=lm)4� : (4.14)Alternatively, a 
hara
teristi
 magneti
 �eld B
[hIi℄ � B(l)
 � p2(edl)�1 
an bede�ned by the 
ondition that lm(B(l)
 ) := l. The 'range' of the impurity averagedGreen's fun
tion g� is l (see Eq. 3.31). Therefore, the typi
al area of a 
urrentloop is of the order F = dl. Sin
e l is a small length s
ale, B(l)
 is large. In orderto get a 
avor of the sizes of the di�erent quantities in a typi
al experiment, takefor example d � 10nm. With l = 100nm as an upper limit for the mean freepath, the lower limit for the 
hara
teristi
 �eld B(l)
 is of the order of 1Tesla.Keeping this in mind, we will now examine the 
urrent 
u
tuations.4.2.2 The 
urrent 
u
tuationsThe general formula for the 
urrent 
u
tuations is given by Eq. 4.4:hI2i = 4e2 jT j4 Xk;k0;p;p0 Z (d�[eV ℄) (d�0 [eV ℄) (4.15)�hA1(K;K0; �)A1(P;P0; �0)i hA2(k0;k; �+eV )A2(p0;p; �0+eV )i :In 
ontrast to the expression for the average 
urrent where only the impurityaveraged spe
tral fun
tions ai appeared, here 
orrelations be
ome important sin
ethe formula 
ontains the produ
t of two spe
tral fun
tions for ea
h layer. In the
ase of one 
lean layer, Eq. 4.15 
an be simpli�ed 
onsiderably by inserting theunperturbed spe
tral fun
tions Ao2, i.e.hA2(k0;k; �+eV )A2(p0;p; �0+eV )i = Ao2(k; �+eV )Ao2(p; �0+eV )Æ(k�k0)Æ(p�p0) :Thus, the spe
tral fun
tions A1 in layer 1 have to be taken at equal momenta,too, whi
h leads to the following formula with only two momentum sums left:hI2i = 4e2 jT j4Xk;p Z (d�[eV ℄) (d�0 [eV ℄) (4.16)�hA1(K;K; �)A1(P;P; �0)iAo2(k; �+eV )Ao2(p; �0+eV ) :For an intuitive understanding of the situation it is 
onvenient to 
hange to
oordinate representation and to write the tunneling 
urrent in terms of Green'sfun
tions instead of spe
tral fun
tions. This leads to di�erent 
ombinations of



4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 41retarded and advan
ed Green's fun
tions. But for the moment we just 
on
entrateon one term, writing 'G' without spe
ifying whether it is a retarded or advan
edGreen's fun
tion. Furthermore, the energy arguments (and integrals) are omittedin order to get a more 
ompa
t notation. This looks as follows:hI2i � Z d2xd2x0d2yd2y0 eieA(x�x0+y�y0)hG1(x;x0)G1(y;y0)iGo2(x0�x)Go2(y0�y) :Now there are three possible situations to distinguish (see Fig. 4.7), 
hara
terizedby the arrangement of the four 
oordinates x;x0;y;y0 within the plane:1. The tunneling sites lie within a distan
e smaller than the mean free path lfrom ea
h other pairwise: jx�y0j < l and jx0�yj < l.2. The 
omplementary 
ombinations of tunneling sites are 
lose to ea
h other,i.e. jx�yj < l and jx0�y0j < l.3. The four 
oordinates are arbitrary points on the plane whi
h do not ful�llthe 
onditions given in (1.) or (2.).
1. 2. 3.Figure 4.7: Current loops of the di�erent 
ontributions to hI2i.Only in the third 
ase the Green's fun
tions 
an be averaged separately be
ausethey s
atter from di�erent impurities and therefore lose 
oheren
e. This justleads to the 
ontribution hIi2. In 
ontrast, the other 
ases are more interestingsin
e they in
lude 
orrelations as des
ribed in se
tion 3.3.2. In the �rst 
ase,when the two Green's fun
tions have opposite 'dire
tions', the en
losed magneti

ux is small be
ause the 
ontributions from the two loops almost 
an
el ea
hother, whereas in the se
ond 
ase the two 
ontributions to the en
losed 
ux addup, and therefore a strong dependen
e on the magneti
 �eld is expe
ted.A very 
rude pi
ture of the e�e
t 
an be obtained by identifying the tunnelingsites pairwise.� In the �rst 
ase (x= y0 and x0 = y), the magneti
 �eld dependen
e dropsout sin
e the phase fa
tor is just 1.� By 
ontrast, in the se
ond 
ase (x = y and x0 = y0), the phase fa
torequals exp[2ieA(x�x0)℄. Thus, if the 
orrelation fun
tion is translationallyinvariant, this 
ontribution has the form of a Fourier transform with respe
tto the ve
tor potential.



42 CHAPTER 4. APPLICATIONSAlthough this is an oversimpli�ed pi
ture, we will see that the basi
 featuressurvive a more 
areful evaluation. The fa
t that the �eld dependent 
ontributionto the 
urrent 
u
tuations 
an be expressed as a Fourier transform is the reasonwhy tunneling spe
tros
opy allows one to study lo
al transport properties of the2DEGs as signaled in the introdu
tion. We will 
ome ba
k later to this importantpoint.In the following, we dis
uss the two 
ontributions separately. Therefore, we writethe varian
e (�I)2 = hI2i � hIi2 as a sum(�I)2 = 4e2 jT j4 �D(eV ) + C(2eA; eV )� ; (4.17)where D denotes the �rst 
ontribution being independent of magneti
 �eld andC stands for the se
ond 
ontribution, as shown in Fig 4.8. The notations D andC will be
ome 
lear in the following.
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Figure 4.8: The two 
ontributions to (�I)2 for tunneling between a
lean and a disordered layer.While the real spa
e representation is more intuitive, in order to 
al
ulate theseexpressions we go ba
k to momentum representation. Expressing the spe
tralfun
tions of the disordered layer by Green's fun
tions, Eq. 4.16 readshI2i = 4e2 jT j4Xk;p Z (d�[eV ℄) (d�0 [eV ℄) (4.18)�X�;�0 (�� ��0)hG�1(K;K; �)G�01 (P;P; �0)iAo2(k; �+eV )Ao2(p; �0+eV ) :where �(0) = +;�.The method of evaluating the 
orrelations hG�1G�01 i has been dis
ussed in se
-tion 3.3.2. The dis
onne
ted part hG�1 ihG�01 i = g�1 g�01 
orresponds to the 
asewhere tunneling o

urs at independent points. As already pointed out this leads



4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 43to the averaged 
urrent squared hIi2, i.e. the varian
e (�I)2 is given by the 
on-ne
ted part hG�1G�01 i
. For �=�0 the average hG�1G�01 i just equals its dis
onne
tedvalue (
f. se
tion 3.3.2), therefore the only 
ontributions to the varian
e 
omefrom the 
ase � 6= �0. Hen
e,(�I)2 = 4e2 jT j4Xk;p Z (d�[eV ℄) (d�0 [eV ℄)Ao2(k; �+eV )Ao2(p; �0+eV ) (4.19)�X� 6=�0 hg�1 (K; �; �)g�01 (P; �0; �)i2 ���0(K;P;K;P; �; �0) ;where Eq. 3.32 has been used.As shown in se
tion 3.3.2 there are two important 
ontributions to the vertexfun
tion ���0(K;P;K;P; �; �0). These 
an be assigned to the di�erent 
ases, (1.)and (2.), we distinguished in real spa
e representation:1. For small momentum di�eren
e q � K�P, the main 
ontribution 
omesfrom the ladder diagrams, i.e. the di�uson D��0(q; !). It 
an be easily seenthat the di�uson does not depend on the magneti
 �eld be
ause the ve
torpotential 
an
els out in the di�eren
e (q = k�p). This 
orresponds to the�rst 
ase, thus justifying the notation D(eV ) introdu
ed above (see alsoFig. 4.8 top).2. If the momentum sum ~Q � K+P is small, the maximally 
rossed diagramsgive the dominant 
ontribution, namely the Cooperon C��0(~Q; !). Sin
ehere the ve
tor potential adds up (~Q = k+p � 2eA), the Cooperon 
on-tribution obviously depends on the magneti
 �eld. This 
orresponds to these
ond 
ase, denoted by C(2eA; eV ) (see also Fig. 4.8 bottom).Now we 
an write down the di�erent 
ontributions, substituting q = k�p for thedi�uson and Q = k+p for the Cooperon, respe
tively:D = Xk;q Z (d�[eV ℄)(d�0 [eV ℄)Ao2(k; �+eV )Ao2(k�q; �0+eV ) (4.20)�X� 6=�0 hg�1 (K; �; �)g�01 (K�q; �0; �)i2D��0(q; !) ;C = Xk;Q Z (d�[eV ℄)(d�0 [eV ℄)Ao2(k; �+eV )Ao2(�k+Q; �0+eV ) (4.21)�X� 6=�0 hg�1 (K; �; �)g�01 (�K+Q; �0; �)i2C��0(Q� 2eA; !) :In the following, the important steps in the evaluation of these expressions willbe motivated before dis
ussing the results, while the expli
it 
al
ulations 
an befound in appendix B.1.2.



44 CHAPTER 4. APPLICATIONSThe di�uson 
ontributionLet us �rst dis
uss the di�uson 
ontribution given by Eq. 4.20. Starting withthe evaluation of the k-summation by repla
ing it with an integral (
ontinuumlimit), the following approximations 
an be used:� The absolute value of k is set to kF, its value at the Fermi energy (seese
tion 4.1).� The small momentum q as well as the applied voltage eV � ��1 are ne-gle
ted in the 'outer' Green's fun
tions g1 whi
h are smeared out due todisorder.
 −1/2

kF

∼  τ
k

q

� Furthermore, we restri
t ourselves to weak magneti
 �elds B � B(l)
 . Thenthe e�e
t of the magneti
 �eld on the outer Green's fun
tions is negli-gible, too. It will be
ome 
lear when evaluating the Cooperon 
ontribu-tion that this is suÆ
ient be
ause there the magneti
 �eld dependen
eis mu
h stronger, i.e. the Cooperon 
ontribution de
ays on a �eld s
aleB
[(�I)2℄� B(l)
 .Thus, ea
h Green's fun
tion g�1 just 
ontributes a fa
tor �(�)i2� . This leads tothe formula D = 8� 2�2 eVZ0 d! (eV � !) Xjqj> !vF 1pv2Fq2 � !2 2Dq2D2q4 + !2 ; (4.22)where one energy integral has been eliminated due to the fa
t that the integrandonly depends on the energy di�eren
e !. The restri
tion on the q-summation
omes from the Æ-distribution of the se
ond spe
tral fun
tion Ao2. For energies eVlarger than the Thouless energy ETh = D=L2, the 
ontinuum limit 
an be taken.The 
ondition eV � ��1 
an be in
orporated at the end of the 
al
ulation, or,alternatively, in Eq. 4.22 the energy di�eren
e ! 
an be negle
ted against vFq,yielding the same result:D = 4L2� 2�2vF eVZ0 d! (eV � !) 1p2D! ; (4.23)



4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 45or, after energy integration, D = 16L2� 23�2vF r(eV )32D : (4.24)In order to dis
uss this result, we �rst relate it to the average 
urrent, i.e.(�I)2D = hI(B = 0)i2 � � lL�2 23(kFl)2peV � : (4.25)Due to the fa
tor (kFl)�2 � 1, the 
urrent 
u
tuations are small. On the otherhand (eV �)�1=2 � 1, i.e. for small enough voltages the 
urrent 
u
tuations shouldbe observable. Sin
e they are sub-quadrati
 in eV , the 
ondu
tan
e 
u
tuationseven diverge in the limit eV ! 0.Furthermore, in the thermodynami
 limit the 
urrent is self-averaging due to thefa
tor (l=L)2 in Eq. 4.25, i.e. (�I)2=hIi2 ���!L!1 0.The Cooperon 
ontributionAt zero-�eld the Cooperon and the di�uson 
ontribution are identi
al, but this isno longer true in the presen
e of a magneti
 �eld. We will see that with in
reasing�eld the Cooperon will be suppressed while, as already shown, the di�uson is nota�e
ted.We 
an start following the same lines as for the di�uson. Modi�ed by the ad-ditional diÆ
ulty 
oming from the magneti
 �eld, the expression equivalent toEq. 4.22 looks as follows:C = 8� 2�2 eVZ0 d! (eV � !) XjQj> !vF 1pv2FQ2 � !2 2D(Q� 2eA)2D2(Q� 2eA)4 + !2 : (4.26)Now there are two di�erent possibilities how to pro
eed:1. The straightforward way is to sear
h for a solution of the integral. Then weobtain the 
u
tuations as a fun
tion of the magneti
 �eld, i.e. C(2eA; eV ).2. As mentioned earlier, the dependen
e of the 
u
tuations on the magneti
�eld is a means for studying lo
al transport properties, namely the behaviorof the Green's fun
tions on di�erent length s
ales. Thus, we 
an exploit thefa
t that the Q-integral is a 
onvolution integral, to 
al
ulate the Fouriertransform of the 
u
tuations with respe
t to the magneti
 �eld, i.e. a fun
-tion ~C(rm; eV ) where rm is the 
onjugate variable to the ve
tor potentialand, therefore, has the dimension of a length.



46 CHAPTER 4. APPLICATIONSIn the following, both strategies will be dis
ussed, starting with the dire
t eval-uation of the integral.1. The Cooperon 
ontribution as a fun
tion of the magneti
 �eldIn Eq. 4.26, for small voltages, ! 
an be negle
ted against vFQ. This is justi�edfor eV � ��1 as mentioned in the 
ase of the di�uson. Then we obtain thefollowing result (for details see appendix B.1.2):C(2eA; eV ) = D(eV ) � 
(2r DeV eA) (4.27)with
(x) = 4p23� x3+ �Z0 d'2� �3 �qx4 sin4'+1�x2 sin2'� 12��qx4 sin4'+1+x2 sin2'� 32�:Thus, the Cooperon 
ontribution is given by the di�uson 
ontribution multi-plied by a fun
tion 
ontaining the �eld dependen
e. The argument of this fun
-tion, whi
h gives the s
ale for the suppression of the Cooperon by the magneti
�eld, 
an be expressed by the magneti
 length lm de�ned in se
tion 3.2 andLd �pD=(eV ), the di�usion length for a given time interval (eV )�1, i.e. x isproportional to the ratio Ld=lm. A plot of the fun
tion 
(x) (
omputed numeri-
ally) is shown in Fig. 4.9.
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4.2. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 47The asymptoti
 behavior for small and large x is given as
(x) = 1� 34x2 for x� 1 ;
(x) � x�1 for x� 1 :A 
hara
teristi
 magneti
 �eld B
[(�I)2℄ � B(Ld)
 � p2(edLd)�1 
an be de�ned,whi
h now ful�lls the equation lm(B(Ld)
 ) = Ld. Comparing this to the 
hara
-teristi
 �eld for the average 
urrent, we see that B(Ld)
 � B(l)
 , sin
e typi
allythe di�usion length is mu
h larger than the mean free path. (In fa
t the di�u-sion pi
ture is only true for Ld > l.) While the averaged single-parti
le Green'sfun
tions are short-ranged, the di�uson/Cooperon probes large distan
es. Thus,the 
urrent 
u
tuations are sensitive to smaller magneti
 �elds than the average
urrent.Combining this with the result for the di�uson (Eq. 4.25), we �nally get(�I)2 = hI(B = 0)i2 � � lL�2 23(kFl)2peV � �1 + 
(2r DeV eA)� : (4.28)On small �eld s
ales the 
u
tuations are redu
ed to half their zero-�eld value dueto the suppression of the Cooperon 
ontribution. Note that for larger magneti
�elds B � B(l)
 the di�uson 
ontribution will be a�e
ted by the magneti
 �eld,too, and therefore the 
u
tuations will be 
ompletely suppressed. The prefa
torshave already been dis
ussed earlier in the 
ontext of the di�uson 
ontribution.Having found an expression for the 
urrent 
u
tuations as a fun
tion of themagneti
 �eld, whi
h allows to determine a 
hara
teristi
 �eld B(Ld)
 , we now 
ometo the se
ond possibility of evaluating the Cooperon 
ontribution by studying itsFourier transform.2. The Fourier transform of the Cooperon 
ontributionAgain we start with Eq. 4.26 whi
h, in the 
ontinuum limit, has the followingform:C = 32L2�� 4� eVZ0 d! (eV � !) �ZjQj> !vF(dQ) 1pv2FQ2 � !2Re [C(Q�2eA; !)℄ : (4.29)The Q-integral in Eq. 4.26 is a 
onvolution integral:Z (dQ)fb(Q)Re [C(Q�2eA)℄ = (fb � Re[C℄) (2eA)with fb(Q) = (v2FQ2�!2)�1=2. This fun
tion 
omes from the 
lean layer; thus theindex 'b' for ballisti
.



48 CHAPTER 4. APPLICATIONSThen the expression for the Cooperon 
ontribution be
omes simpler by Fouriertransforming it with respe
t to the magneti
 �eld, i.e. the ve
tor potential:F (rm) = e2L24�2 Z d2Af(eA) � eieArm : (4.30)Thus, we introdu
e a 
onjugate 
oordinate rm, leading to~C(rm; eV ) = 32L2�� 4� eVZ0 d! (eV � !)Fb(rm;!) � Fd(rm;!) ; (4.31)where Fb(x) and Fd(x) are the Fourier transforms of fb(k) and Re[C℄(k), respe
-tively. The index 'd' stands for di�usive.The remarkable result is the produ
t stru
ture of ~C(rm). The 
orrelation fun
tionsof the two layers are just multiplied whi
h allows their properties to be analyzedseparately.We �nd (see appendix B.1.2)Fb(x) = L22�vFx 
os !xvF and (4.32)Fd(x) = 14�2�� 2DRe�Ko(r i!Dx)� = 14�2�� 2Dker�r !Dx� : (4.33)The fun
tions 
os(x)=x and ker(x) are plotted in Fig. 4.10. Ko(x) is the modi�edBessel fun
tion of zeroth order; ker(x) � Re[Ko(pix)℄ is 
alled a Thomson orKelvin fun
tion. For small values of x, the fun
tion ker(x) 
an be approximatedby ker(x) = �C� ln x2 +O(x2) ; (4.34)where C � 0:58::: is Euler's 
onstant.In the limit rm ! 0 the result diverges. This divergen
e 
omes from large mo-menta where the di�usion pi
ture does not apply anymore. Thus, the formula isvalid only for rm & l.It is instru
tive to 
ompare the arguments of the two fun
tions. In the previousparagraph the di�usion length Ld has been introdu
ed. The analogous de�nitionof a ballisti
 length within the 
lean layer is Lb � vF=(eV ), for a given timeinterval (eV )�1. In fa
t, the result only depends on the relative size of the di�erentlength s
ales. To express this, we introdu
e two parameters m � rm=Ld andxdb � Ld=Lb. Rewriting the result in terms of these quantities:~C(m; xdb; eV ) = 4L4�2(eV )2�2�2F 1Z0 dy(1� y)xdbm 
os(xdbmy)ker(mpy) (4.35)with y = !=(eV ). While xdb � 1, typi
ally, there are no restri
tions on m.
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Thus, the fun
tion Fd varies on mu
h shorter length s
ales rm than Fb, i.e. thebehavior of the Cooperon 
ontribution is governed by the disordered layer. Therange of the Cooperon within the disordered layer sets a limit to the distan
ebetween the tunneling sites and therefore determines the area typi
ally en
losedby the 
urrent loops. The ratio of the arguments of the two fun
tions s = xd=xbis proportional to (!�)�1=2 � 1. In Fig. 4.11 the produ
t Fb(x) �Fd(sx) is plottedfor di�erent values of s.
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50 CHAPTER 4. APPLICATIONSAlternatively we 
an dis
uss the 
ontribution to the 
ondu
tan
e 
u
tuations,i.e. to their Fourier transform:(̂��g)2C � ~C(eV )2 = 4L4�2�2�2F 1Z0 dy(1� y)xdbm 
os(xdbmy)ker(mpy) : (4.36)A plot of (̂��g)2C against m and against xdb is shown in Fig. 4.12. For xdbm� 1,(̂��g)2C is linear in xdb. In the limit m � peV ! 0 the result diverges. This hasalready been pointed out when dis
ussing C(2eA; eV ).
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Before dis
ussing the 
ase of two disordered layer, let us summarize the results.The overall shape of the I-B-
hara
teristi
s 
an be understood by the relativeshift of the Fermi 
ir
les of the two layers. At small magneti
 �eld, the �elddependen
e of the average 
urrent hIi is 
hara
terized by the �eld s
aleB(l)
 � l�1,where the mean free path l is the typi
al range of the impurity averaged Green'sfun
tion. The 
urrent 
u
tuations (�I)2 
omprise two 
ontributions, namelythe di�uson and the Cooperon 
ontribution, but only the latter is sensitive tothe magneti
 �eld. The Cooperon shows stru
ture on a mu
h smaller �eld s
alethan the average 
urrent, the 
hara
teristi
 �eld B(Ld)
 � L�1d being determinedby the di�usion length Ld � l. The behavior of the average 
urrent as well as ofthe 
u
tuations is governed by the disordered layer. Furthermore, the Cooperon
ontribution 
an be expressed as the Fourier transform of the 
orrelation fun
tionsof the 2DEGs. Thus, the �eld dependen
e of the 
urrent 
u
tuations yieldsinformation about the spatial 
orrelations in the layers.



4.3. TUNNELING BETWEEN TWO DISORDERED 2DEGS 514.3 Tunneling between two disordered 2DEGsA setup with two disordered 2DEGs is 
learly easier to realize experimentallythan the one dis
ussed in the previous se
tion. We will start with mean freetimes �1; �2 
hosen separately for the two layers, but the spe
ial 
ase of �1 = �2will be dis
ussed, too. However, we still assume that the two layers have di�erentdisorder potentials, i.e. interlayer 
orrelations do not play a role (
f. p. 32).4.3.1 The average tunneling 
urrentWe start again with the tunneling 
urrent formula (4.3):hIi = 2e jT j2Xk Z (d�[eV ℄)a1(k� eA; �; �1)a2(k; �+ eV ; �2) ;where now the impurity averaged spe
tral fun
tions have to be taken for bothlayers.Although the formula looks more 
ompli
ated, the result is similar to what wasfound in se
tion 4.2.1. The only di�eren
e is that � has to be repla
ed by a
ombination of the individual mean free times:�� � �1�2�1 + �2 : (4.37)For the 
al
ulation see appendix B.2.1.This means that the s
attering rates ��1i of the two layers are additive. In thelimit �2 !1 one re
overs the earlier result (�� = �1). On the other hand, in thespe
ial 
ase �1 = �2� � , the 
ombined mean free time is �� = �=2. We see that,in 
omparison with the previous 
ase of only one disordered 2DEG, the averagetunneling 
urrent is further suppressed, but there is no signi�
ant 
hange in theI-B-
hara
teristi
s. The relevant length s
ale for the �eld dependen
e is simplygiven by the 
ombined mean free path �l. Thus, the 
hara
teristi
 �eld may bede�ned in the same way, too.However, the 
urrent 
u
tuations are qualitatively di�erent as will be shown inthe following.4.3.2 The 
urrent 
u
tuationsAs dis
ussed before, the 
urrent 
u
tuations in tunneling from a 
lean to a disor-dered 2DEG have two di�erent 
ontributions, only one of them being in
uen
edby the magneti
 �eld. By 
ontrast, in the 
ase of two disordered 2DEGs, thereare in prin
iple �ve terms 
ontributing to the 
urrent 
u
tuations be
ause now
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orrelations are possible within both layers. The di�erent 
ontributions 
an bedistinguished by the number of di�usons and/or Cooperons they involve. Thismotivates the notation introdu
ed in the following list:� 1 di�uson (in layer 1 or 2) ! D1,� 1 Cooperon (in layer 1 or 2) ! C1,� a di�uson in one layer and a Cooperon in the other layer ! XDC,� 2 di�usons ! D2, and� 2 Cooperons ! C2.The 
orresponding diagrammati
 representation is shown in Fig. 4.13 (in thesame order).
D C

D

C

D

D

C

CFigure 4.13: The di�erent 
ontributions to the 
urrent 
u
tuations forthe 
ase of two disordered layers.Clearly the di�uson 
ontributions D1 and D2 do not depend on the magneti
�eld, but likewise the 1-Cooperon 
ontribution C1 and the 1-di�uson-1-Cooperon
ontribution XDC are �eld independent be
ause all the tunneling sites have tobe nearby (within the mean free path l). Furthermore, it will be shown thatfor the same reason the terms 
ontaining only one di�uson and/or Cooperon arenegligibly small against the ones involving two di�usons or Cooperons.We 
an rewrite the 
urrent 
u
tuations again as a sum of the di�erent 
ontribu-tions whi
h will be evaluated separately:(�I)2 = 4e2 jT j4 �D1(eV ) + C1(eV ) +XDC(eV ) +D2(eV ) + C2(2eA; eV )� :(4.38)To do so we start from the general formula (4.4):hI2i = 4e2 jT j4 Xk;k0;p;p0 Z (d�[eV ℄) (d�0 [eV ℄) (4.39)�hA1(K;K0; �)A1(P;P0; �0)i hA2(k0;k; �+eV )A2(p0;p; �0+eV )i :



4.3. TUNNELING BETWEEN TWO DISORDERED 2DEGS 53First we distinguish between the 
onne
ted and dis
onne
ted parts of this ex-pression. Taking the dis
onne
ted part of both 
orrelators we obtain again hIi2.The 
ross terms give the 1-di�uson and 1-Cooperon 
ontributionsD1 + C1 � a2(k)a2(p)hA1(K;K)A1(P;P)i
 + a1(K)a1(P)hA2(k;k)A2(p;p)i
 :(4.40)These 
orrespond to the 
ontributions found earlier in the 
ase of tunneling froma 
lean to a disordered 2DEG. However, they are now 'short-ranged' due to theimpurity averaged spe
tral fun
tions ai (
f. Fig. 4.13). The remaining 
ontribu-tions whi
h did not exist in the previous 
ase 
ontain both 
onne
ted parts:XDC +D2 + C2 � hA1(K;K0)A1(P;P0)i
hA2(k0;k)A2(p0;p)i
 : (4.41)To further separate these 
ontributions we have to look at the relations betweenthe di�erent momenta. In (4.40) there are only two momentum arguments k andp. If the momentum di�eren
e is small, the ladder diagrams, i.e. the di�uson,are important, whereas, if the momentum sum is small, the maximally 
rosseddiagrams, i.e. the Cooperon, dominate. This is equivalent to the 
ase dis
ussedin se
tion 4.2.2. In (4.41) there are four momentum arguments, but only threeof them are independent, due to overall momentum 
onservation: k�p = k0�p0.The 2-di�uson 
ontribution requires q = k�p to be small while the 2-Cooperon
ontribution is obtained for small Q = k+p0. In both 
ases this is one supple-mentary 
ondition. Therefore two free momentum integrations are left. The twodi�usons (Cooperons) have equal momenta q (Q). For the 1-di�uson-1-Cooperon
ontribution, �nally, both these 
onditions have to be ful�lled, i.e. there is onlyone free momentum integration (but the di�uson and the Cooperon may havedi�erent (small) momenta q and Q). Due to these 
onstraints the 
ontributionXDC is suppressed by a fa
tor (kFl)�1 and therefore negligible.Introdu
ing the notation Y = R (d�[eV ℄) (d�0 [eV ℄)Y ! (for Y = D1; C1;D2; C2), therelevant 
ontributions are given by the following expressions1:D !1 = Xq Z (dk)na2(k; �+eV )a2(k�q; �0+eV ) (4.42)�X� 6=�0 hg�1 (K; �)g�01 (K�q; �0)i2D��0(q; !; �1) + (1$ 2)o ;C !1 = XQ Z (dk)na2(k; �+eV )a2(�k+Q; �0+eV ) (4.43)�X� 6=�0 hg�1 (K; �)g�01 (�K+Q; �0)i2C��0(Q�2eA; !; �1) + (1$ 2)o ;1In Eqs. 4.42 and 4.43 the full expressions are written down only for a di�uson/Cooperonin layer 1. The a
ronym (1$ 2) denotes that a similar term is obtained for layer 2.



54 CHAPTER 4. APPLICATIONSD !2 = Xq X�i 6=�0iD�1�01(q; !; �1)D�2�02(q; !; �2) (4.44)��Z (dk) g�11 (K; �)g�011 (K�q; �0)g�22 (k; �+eV )g�022 (k�q; �0+eV )�2 ;C !2 = XQ X�i 6=�0i C�1�01(Q�2eA; !; �1)C�2�02(Q; !; �2) (4.45)��Z (dk) g�11 (K; �)g�011 (�K+Q; �0)g�22 (k; �+eV )g�022 (�k+Q; �0+eV )�2 :These 
ontributions will be dis
ussed now.The 1-di�uson and 1-Cooperon 
ontributionsThe formulae (4.42) and (4.43) 
orresponding to the 1-di�uson and 1-Cooperon
ontributions look similar to the expressions for only one disordered 2DEG inse
tion 4.2.2. However, they di�er, be
ause now the small momentum q (Q) 
anbe negle
ted not only in the outer Green's fun
tions, but also in the spe
tralfun
tions of the other layer, whi
h are smeared out due to the disorder in thatlayer. This means we have a 'free' di�uson (Cooperon):Z (dq) D(q; !) = ~D(0; !) ; (4.46)where ~D(x; !) is the Fourier transform of D(q; !).In the 
ase of the Cooperon this implies that the magneti
 �eld dependen
evanishes2, i.e.Z (dQ) C(Q� 2eA; !) = Z (dQ0) C(Q0; !) = ~C(0; !) = ~D(0; !) : (4.47)Therefore the di�uson and the Cooperon 
ontributions yield the same result. The
al
ulation is presented in appendix B.2.2. Colle
ting all these 
ontributions, we�nally get(�I) 21 = 4e2 jT j4 2L2�� 2�3 (�1+�2+��)Xi=1;2 eVZ0 d! (eV �!) 1Di ln(1 + 1(!�i)2 ) :(4.48)2Note that this is only valid for not too small energies when the 
ontinuum limit 
an betaken. In a summation the �eld dependen
e of the zero-mode Q = 0 would be left.



4.3. TUNNELING BETWEEN TWO DISORDERED 2DEGS 55For the spe
ial 
ase �1 = �2 � � , this takes the form(�I) 21 = 4e2 jT j4 5L2� 32�3D eVZ0 d! (eV �!) ln(1 + 1(!�)2 ) (4.49)= hI(B=0)i2 �� lL�2 5�(kFl)2 1Z0 dy (1�y) ln(1 + 1(eV �y)2 ) : (4.50)Again the 
urrent 
u
tuations are suppressed by a fa
tor (kFl)�2. The integral is�nite and its solution is given in appendix B.2.2. Only in the limit eV ! 0 the
ondu
tan
e 
u
tuations � (�I)2=(eV )2 diverge. This behavior has already beenobserved in se
tion 4.2.2 for tunneling between a 
lean and a disordered 2DEG.There it also has been pointed out that the tunneling 
urrent is self-averaging.We will see in the following that these are not the dominant 
ontributions to the
urrent 
u
tuations, however. More important are the 2-di�uson and 2-Cooperon
ontributions whi
h will be dis
ussed in the subsequent paragraphs.The 2-di�uson 
ontributionDue to energy and momentum 
onservation in tunneling, the two di�usons in-volved have equal energies and momenta. But in 
ontrast to the previous 
ases,now, the two tunneling pro
esses 
an take pla
e at di�erent momenta. With thesame approximations dis
ussed earlier, Eq. 4.44 readsD !2 = 4Xq Re [D(q; !; �1)℄ Re [D(q; !; �2)℄�Z (dk) g+1 (k)g�1 (k)g+2 (k)g�2 (k)	2:(4.51)The evaluation is straightforward (see appendix B.2.2), leading to the result(�I)2D2 = 4e2 jT j4 L2�� 2�2(D1+D2) eVZ0 d! (eV �!) 1! : (4.52)For the spe
ial 
ase �1 = �2 � � , Eq. 4.52 redu
es to(�I)2D2 = 4e2 jT j4 L2� 28�2D eVZ0 d! (eV �!) 1! : (4.53)Comparing this result with the 1-di�uson 
ontribution, we getD !1 =D !2 � (!�) � ln(1 + 1(!�)2 )� 1 : (4.54)



56 CHAPTER 4. APPLICATIONSTherefore, the 1-di�uson and 1-Cooperon 
ontributions are negligible. Then, asin the 
ase of tunneling from a 
lean to a disordered 2DEG, there are only twodominant 
ontributions to the 
urrent 
u
tuations.Furthermore, we see that in this 
ase even the 
urrent 
u
tuations are divergent.The integral in Eq. 4.53 diverges at the lower limit, i.e. for ! ! 0. Thus, a 
ut-o�has to be introdu
ed. A natural limit for the validity of the di�usion pi
ture isthe Thouless energy ETh. Hen
e,(�I)2D2 = hI(B=0)i2 � � lL�2 14(kFl)2eV � � ln eVETh � 1� : (4.55)Below that limit, the repla
ement of the q-summation by an integral is no longer
orre
t. In order to 
ontinue to lower energies, the so-
alled 'zero-modes' (q=0)be
ome important. Then, in many 
ases, the diagrammati
 approa
h 
an beextended down to the level spa
ing �. However, this requires a separate 
onsid-eration.As before, the 
u
tuations are suppressed by a fa
tor (kFl)�2. Moreover, the
urrent is self-averaging in the thermodynami
 limit.The 2-Cooperon 
ontributionThe 2-Cooperon 
ontribution is the only term being in
uen
ed by the magneti
�eld. The expression for this 
ontribution (Eq. 4.45) 
an be transformed into aform similar to Eq. 4.51:C !2 = 4XQ Re [C(Q�2eA; !; �1)℄ Re [C(Q; !; �2)℄ (4.56)�� Z (dk) g+1 (k) g�1 (k) g+2 (k) g�2 (k)	2 :Again for B = 0, the result of the Cooperon 
ontribution is identi
al with theresult of the di�uson 
ontribution. With magneti
 �eld the Q-integral is a 
on-volution integral (
f. se
tion 4.2.2):Z (dQ) Re[C(Q�2eA; !; �1)℄ Re[C(Q; !; �2)℄ = (Re[C�1 ℄�Re[C�2 ℄)(2eA) : (4.57)The Fourier transforms Fdi of Re[C�i ℄ are given by Eq. 4.33, i.e.Fdi(x) = 14�2�� 2i Diker�r !Dix� : (4.58)



4.3. TUNNELING BETWEEN TWO DISORDERED 2DEGS 57Thus, the 2-Cooperon 
ontribution as a fun
tion of the spatial variable rm takesthe following form:~C2(rm; eV ) = 2L4�� 2�4D1D2 (eV )2 1Z0 dy (1�y)ker� rmLd1py�ker� rmLd2py� ; (4.59)where Ldi =pDi=(eV ) is the di�usion length in layer i.The two length s
ales Ld1 and Ld2 are typi
ally of the same order of magnitude.Again the result 
an be expressed by the ratios of the di�erent length s
ales.Therefore, the parameters m1 � rm=Ld1 and m2 � rm=Ld2 are introdu
ed. Interms of these dimensionless variables, the 2-Cooperon 
ontribution is given bythe following expression:~C2(m1; m2; eV ) = 2L4�2(eV )2�2�2F � � m1m2m21 +m22�2 1Z0 dy (1�y)ker�m1py�ker�m2py� :(4.60)A plot of ~C2(m1; m2) is shown in Fig. 4.14 and 4.15. In the spe
ial 
ase of equalmean free times �1 = �2 � � , the result takes the form~C2(m; eV ) = L4�2(eV )22�2�2F 1Z0 dy (1�y) (ker(mpy))2 : (4.61)This fun
tion is plotted in Fig. 4.16. For rm ! 0 the result diverges. As men-tioned before, this is due to the fa
t that in this 
ase our approximations fail.The smallest distan
e that 
an be resolved is the mean free path l. At �xed rm,the 
ondu
tan
e 
u
tuations � ~C2=(eV )2 diverge in the limit eV ! 0.In 
on
lusion, the average 
urrent shows qualitatively the same behavior as in theprevious 
ase, while di�erent results have been obtained for the 
u
tuations. Thedominant 
ontributions to the 
u
tuations have been identi�ed and it has beenshown that they are mu
h larger than for tunneling from a 
lean to a disordered2DEG. This will be dis
ussed in more detail in the following se
tion.
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ontribution ~C2(rm=Ld) for �1 = �2.4.4 Comparison of the resultsIn the dis
ussion of the results we will fo
us on two aspe
ts, namely the magnitudeof the tunneling 
urrent and its �eld dependen
e. In both 
ases the average
urrent as well as the 
u
tuations will be 
onsidered.Magnitude of the tunneling 
urrent at zero magneti
 �eldCon
erning the averaged quantities, it is more 
onvenient to dis
uss the 
ondu
-tan
e instead of the 
urrent. In the 
lean limit the average 
ondu
tan
e divergesat zero magneti
 �eld. This divergen
e is smeared out in the presen
e of disorder,leading to a �nite peak height proportional to �� = �1�2=(�1 + �2). Note that thes
attering rates ��1i of the 2DEGs are additive. If only one 2DEG is disordered,�� equals the mean free time of that layer, whereas if the disorder has the samestrength in both layers, �� is just half of the individual mean free times. However,the qualitative behavior of the average 
urrent is the same for both 
ases.In 
ontrast, a qualitative di�eren
e has been found for the 
u
tuations. On ate
hni
al level, we �rst noti
e that there are more distinguishable 
ontributionsto (�I)2 when both layers are disordered. However, we have shown that, as inthe 
ase of one 
lean and one disordered 2DEG, there are only two dominant
ontributions, namely a di�uson and a Cooperon 
ontribution. But these are notthe 
orresponding diagrams in an expansion. That means, for tunneling from a
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lean to a disordered 2DEG, the 
u
tuations are 
omposed of 
ontributions ofthe form hG1G1i
Go2Go2, 
ontaining one 
orrelator and two single-parti
le Green'sfun
tions. The 
orresponding expressions in the 
ase of two disordered 2DEGs areobtained by repla
ing the unperturbed Green's fun
tions Go2 with the impurityaveraged Green's fun
tions g2. But, sin
e the impurity averaged single-parti
leGreen's fun
tions are short-ranged, these terms are now suppressed. Thus, theyare negligible against 
ontributions of the form hG1G1i
hG2G2i
, 
ontaining two
orrelators. There is no analogue to these terms if only one layer is disordered.This is shown s
hemati
ally in Fig. 4.17.
D

D C

C

D CD C

disordered - disorderedclean - disordered

Figure 4.17: Diagrams 
ontributing to the 
urrent 
u
tuations. Cor-responding diagrams are drawn at the same level while the dominantdiagrams are highlighted by a shaded box.Comparing now the dominant 
ontributions, one 
an get a rough estimate by
ounting powers of q. The slow di�usive pro
esses are 
hara
terized by the times
ale (Dq2)�1 while the fast ballisti
 propagation within the 
lean layer is 
har-a
terized by the time s
ale (vFq)�1. In the 
ase of tunneling from a 
lean to adisordered layer, the integrand is proportional to q�3, being 
omposed of a fast(q�1) and a slow (q�2) pro
ess. By 
ontrast, for tunneling between two disordered2DEGs, the integrand is proportional to q�4 be
ause it now 
ontains two slowpro
esses. In this 
ase the available phase spa
e is larger, i.e. more pro
esses
ontribute to the 
u
tuations. The momentum integration 
ompensates for twopowers of q. Then, with ! � q2, the energy integral yields a �nite result inthe former 
ase while for tunneling between two disordered 2DEGs a logarith-mi
 divergen
e is left. Therefore, in the latter 
ase one has to introdu
e a lower
ut-o� as dis
ussed on p. 56. To go below that limit, a separate 
onsideration ofzero-modes would be ne
essary.



4.4. COMPARISON OF THE RESULTS 61Field dependen
e of the tunneling 
urrentWe have seen that the suppression of the tunneling 
urrent due to the in-planemagneti
 �eld is 
hara
terized by di�erent length s
ales of the system. Therelevant length s
ale for the average 
urrent is the mean free path l, i.e. the'range' of the impurity averaged single-parti
le Green's fun
tion. If both 2DEGsare disordered, the s
attering rates of the individual layers are additive whi
hleads to a 
ombined mean free path �l � l1l2=(l1+l2). Sin
e the mean free path isa small length s
ale, the 
orresponding 
hara
teristi
 �eld s
ale B(l)
 is large.The 
u
tuations are 
omposed of two (dominant) 
ontributions. At B=0 bothterms, i.e. the di�uson and the Cooperon 
ontribution, yield the same result, butthey evolve di�erently when a weak in-plane magneti
 �eld is applied. While thedi�uson 
ontribution is insensitive to the magneti
 �eld, at least on the small �elds
ales 
onsidered here, the Cooperon 
ontribution is suppressed with in
reasing�eld. If only one 2DEG is disordered, this layer governs the �eld dependen
e.Thus, in the presen
e of a magneti
 �eld the relevant length s
ale is the rangeof the Cooperon given by the di�usion length Ld = pD=(eV ) for a given timeinterval (eV )�1. The di�usion length being typi
ally mu
h larger than the meanfree path, the 
u
tuations vary on a �eld s
ale B(Ld)
 � B(l)
 . This implies thatone 
an study the 
urrent 
u
tuations over a region where the average 
urrent
an still be regarded as 
onstant. If both 2DEGs are disordered, one asso
iates adi�usion length Ldi to ea
h layer. The interplay of these two length s
ales 
an bestudied best by analyzing the Fourier spe
trum of the Cooperon 
ontribution.
lean - disordered disordered - disorderedhIi l �l = l1l2=(l1 + l2)(�I)2 Ld (and Lb) Ld1, Ld2Table 4.1: Relevant length s
ales for the �eld dependen
e of the aver-age 
urrent and the 
urrent 
u
tuations.The �eld dependent 
ontribution to the 
urrent 
u
tuations has been shown tobe a Fourier transform (with respe
t to the magneti
 �eld) of the produ
t of the
orrelation fun
tions of the 2DEGs, i.e.~C !(rm) � F (1)(rm; !) � F (2)(rm; !) ; (4.62)where F (i) is the two-parti
le 
orrelation fun
tion within layer i.



62 CHAPTER 4. APPLICATIONSFor a disordered layer, the fun
tion F (i)d (d='di�usive') is given by the Fouriertransform of the real part of the Cooperon, and the relevant length s
ale is thedi�usion length Ld. By 
ontrast, for a 
lean layer, F (i)b (b='ballisti
') is theFourier transform of the 'ballisti
 Cooperon', the relevant length s
ale being theballisti
 length Lb = vF=(eV ).Thus, for tunneling from a 
lean to a disordered layer we have two length s
alesof di�erent orders of magnitude: Ld � Lb. Hen
e, the behavior of ~C !(rm) isdominated by Fd whi
h has stru
ture on the di�usive s
ale while Fb only varieson the mu
h larger ballisti
 length s
ale. If both layers are disordered, however,the relevant length s
ales are of the same order of magnitude. Then ~C !(rm)is equally in
uen
ed by both layers. Due to the produ
t stru
ture of ~C !(rm),the 
ontributions F (i) of the di�erent layers 
an be analyzed independently asexplained in the previous se
tions (
f. also Figs. 4.14 and 4.15).



Chapter 5Summary
In the present work the tunneling 
urrent and 
ondu
tan
e between two paral-lel two-dimensional ele
tron gases (2DEGs) have been investigated theoreti
ally.The main fo
us has been dire
ted on the aspe
t of using the dependen
e of thetunneling 
urrent on a weak, in-plane magneti
 �eld for 'tunneling spe
tros
opy'.The tunneling 
urrent is des
ribed by an overlap integral of the spe
tral fun
tionsof the two layers. The interesting feature of the 
hosen setup is the possibilityto 
ontrol this overlap sensitively by tuning external parameters like the mag-neti
 �eld. Thus, the analysis of the tunneling 
urrent allows one to extra
t farrea
hing information about the properties of the spe
tral fun
tions or the 
or-responding Green's fun
tions whi
h 
hara
terize the mi
ros
opi
 physi
s of thesystem. Con
erning the impurity averaged 
urrent, this has been extensivelystudied, both experimentally [22℄ and theoreti
ally [23℄. However, the additionalinformation 
ontained in the 
urrent 
u
tuations has not been exploited so far.While the average 
urrent probes the short-ranged impurity averaged Green'sfun
tions, the 
urrent 
u
tuations are governed by the long-ranged 
orrelations.We have shown that the dependen
e of the 
urrent 
u
tuations on an in-planemagneti
 �eld allows these 
orrelations to be probed.Chapter 4 is the 
entral part of this work. As a basis for investigations on the
urrent 
u
tuations, the average 
urrent is dis
ussed. We 
on
entrate on the
ase of uniform tunneling rates and un
orrelated disorder potentials. The overallshape of the I-B-
hara
teristi
s �nds a very intuitive explanation by the shift ofthe Fermi 
ir
les of the 2DEGs [22℄. Tunneling only takes pla
e at the overlap ofthe two 
ir
les be
ause energy and momentum are 
onserved. In a 
lean systemthe 
ondu
tan
e diverges at B = 0 as well as at B = Bmax where the two 
ir
lesde
ouple. These divergen
es are smeared out in the presen
e of disorder [23℄. The
hara
teristi
 magneti
 �eld s
ale over whi
h the average 
urrent is suppressed isdetermined by the mean free path l, namely B
[hIi℄ = p2(edl)�1. This re
e
tsthe fa
t that the 'range' of the impurity averaged Green's fun
tions is given by63



64 CHAPTER 5. SUMMARYthe mean free path. As this is a small length s
ale, the 
hara
teristi
 �eld for theaverage 
urrent is large. By 
ontrast, the Green's fun
tion of a spe
i�
 sample islong-ranged. As a result, the 
urrent 
u
tuations are mu
h more sensitive to themagneti
 �eld.Two di�erent setups have been studied, namely tunneling from a 
lean to a dis-ordered 2DEG and tunneling between two disordered 2DEGs. In the 
ase of tun-neling between a 
lean and a disordered 2DEG, there are only two 
ontributionsto the 
urrent 
u
tuations (�I)2, namely the di�uson and the Cooperon 
on-tribution. The di�uson 
ontribution is insensitive to the magneti
 �eld whereasthe Cooperon 
ontribution is qui
kly suppressed with in
reasing �eld, the 
har-a
teristi
 �eld s
ale B
[(�I)2℄ = p2(edpD=eV )�1 being related to the di�usionlength Ld =pD=eV for a given time interval (eV )�1. The behavior is governedby the disordered 2DEG whi
h sets the limit for the typi
al distan
e betweenthe tunneling sites. Sin
e the di�usion length is mu
h larger than the mean freepath, the �eld dependen
e of the 
urrent 
u
tuations 
an be studied in a regimewhere the average 
urrent hIi is almost 
onstant. Due to the fa
t that only theCooperon 
ontribution depends on the magneti
 �eld, the 
u
tuations 
annot be
ompletely suppressed on these �eld s
ales, but only be redu
ed to about halftheir zero-�eld value. (Note that on larger �eld s
ales B & B
[hIi℄ the di�uson
ontribution will be in
uen
ed by the magneti
 �eld, too.)In the 
ase of tunneling between two disordered 2DEGs, there are in prin
iple�ve 
ontributions to the 
urrent 
u
tuations, but it has been shown that thedominant pro
esses are the 2-di�uson and 2-Cooperon 
ontributions. However,these are not the same terms a

ounting for the 
u
tuations in a setup with onlyone disordered layer. Thus, the result is qualitatively di�erent. A divergen
e atsmall energies is observed. Therefore, a 
ut-o� at the Thouless energy has beenintrodu
ed. Beyond that limit, the 
hosen perturbative approa
h is not reliableand a separate 
onsideration of 'zero-modes' is ne
essary. The �eld dependen
eis now equally in
uen
ed by both layers, the relevant s
ales being the di�usionlengths Ld1 and Ld2 whi
h are of the same order of magnitude typi
ally.In order to study the interplay of the di�erent length s
ales, the Fourier spe
trum,i.e. the dependen
e of the tunneling 
urrent on the 
onjugate length rm whi
h
an be identi�ed with the distan
e of the tunneling sites, has been 
onsidered.We have shown that the Fourier transform of the �eld dependent 
ontributionto (�I)2 is given by the produ
t of the 
orrelation fun
tions of the individuallayers. This produ
t stru
ture allows the spatial 
orrelations of the two layersto be investigated separately. Thus, the 
urrent 
u
tuations yield informationabout lo
al transport properties of the 2DEGs. Assuming that the 
hara
teristi
sof one of the layers are known, this setup 
an be used as a spe
tros
ope for theother layer.



65OutlookThe appearan
e of singularities at low energies suggests that the phenomenon isnon-perturbative. The study of this kind of e�e
ts requires also non-perturbativemethods. Thus, we are planning to 
ontinue the investigations with �eld theo-reti
al methods, i.e. a non-linear �-model. Another aspe
t whi
h has been leftout so far are interlayer Coulomb intera
tions. The attra
tion of the tunneledele
tron and the hole it leaves behind leads to a 
orrelation of the propagatorswithin the di�erent layers whi
h in
uen
es the tunneling 
urrent. Therefore, thissetup is suitable to study the interplay of disorder and Coulomb intera
tions.Furthermore, the assumption of spatially uniform tunneling has to be re
onsid-ered. It has been found that by rotating the in-plane magneti
 �eld, the spatialstru
ture of tunneling may be investigated. A 2�-s
an of the �eld yields infor-mation about the 
orrelator of the tunneling amplitudes. Thus, a more realisti
des
ription of tunneling between 2DEGs whi
h allows for these di�erent aspe
tsshould be possible.
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Appendix AGreen's fun
tionsConsider a system of ele
trons des
ribed by a Hamiltonian H. At zero tempera-ture the ele
tron Green's fun
tion is de�ned asG(�; �0; t� t0) = �i h jT 
�(t)
y�0(t0)j i ; (A.1)where T is the time ordering operator,T
�(t)
y�0(t0) = ( 
�(t)
y�0(t0) for t > t0 ,�
y�0(t0)
�(t) for t < t0 .j i denotes the ground state with respe
t to H. 
y�; 
� is a 
omplete set of Fermi
reation and annihilation operators, with � being some quantum numbers de-pending on the problem of interest. (In the following we will adopt the usual
hoi
e � = (p), assuming spin degenera
y.) Eq. A.1 is de�ned in the Heisenbergrepresentation, i.e. 
(y)� (t) = eiHt
(y)� e�iHtwhile j i is time-independent.At �nite temperatures the so-
alled Matsubara formalism is used. The MatsubaraGreen's fun
tion is de�ned asG(p;p0; � � � 0) = �hT� 
p(�)
yp0(� 0)i :The � -ordering operator T� arranges the operators by in
reasing � from rightto left. The bra
ket h:::i denotes the thermodynami
 average Tr(e��(H��N�
):::)with � inverse temperature, � 
hemi
al potential, and N number of parti
les;the thermodynami
 potential 
 is a normalization fa
tor: e��
 = Tr(e��(H��N)).The � -dependen
e of the operators is given by
(y)� (�) = e(H��N)� 
(y)� e�(H��N)� :67



68 APPENDIX A. GREEN'S FUNCTIONSSin
e G is a fun
tion of �� only, we 
an also writeG(p;p0; �) = �hT� 
p(�)
yp0(0)i : (A.2)G 
an be expanded in a Fourier series:G(p;p0; i!n) = Z �0 d� ei!n�G(p;p0; �)G(p;p0; �) = 1� Xn e�i!n�G(p;p0; i!n) (A.3)with the fermion frequen
ies !n = (2n+ 1)�=� .Finally, we 
ome to the retarded (+) and advan
ed (�) Green's fun
tions whi
hare the quantities of physi
al interest. They 
an be obtained from the MatsubaraGreen's fun
tion by analyti
 
ontinuation, i.e.G�(p;p0; �) = 
hangei!n!��iÆ G(p;p0; i!n) : (A.4)The advan
ed fun
tion G� is the 
omplex 
onjugate of the retarded fun
tion G+.Thus we 
an de�ne the spe
tral fun
tion A(p;p0; �):A(p;p0; �) = i[G+(p;p0; �)�G�(p;p0; �)℄ = �2 ImG+(p;p0; �) : (A.5)For a more detailed review see e.g. [44℄. The expli
it Green's fun
tions needed inthis work are presented in se
tion 3.3.



Appendix BDetails of 
al
ulations and resultsof 
hapter 4
B.1 Tunneling from a 
lean to a disordered 2DEGB.1.1 Complete formula for the average 
urrentIn se
tion 4.2.1 we derived the average 
urrent for tunneling between a 
lean anda disordered 2DEG.The remaining integral in Eq. 4.12 has the form J = R 2�0 d' 1(
os'�b)2+
2 , givingthe result J = p2 � 1pC +pDE � 1pD + 1pE� ;where C = 
2 + b2 � 1,D = 
2 + (b� 1)2, andE = 
2 + (b + 1)2.This �nally leads to the following expression for the average tunneling 
urrent:hIiIo = eVp2� ( 1q 14�2+(eAvF+ (eA)22m +eV )2 + 1q 14�2+(eAvF� (eA)22m �eV )2 ) (B.1)��r 14�2+(eAvF+ (eA)22m +eV )2r 14�2+(eAvF� (eA)22m �eV )2+ 14�2+( (eA)22m +eV )2�(eA)2v 2F�� 12= 4p2 tFg ( 1p1 + 16g2(x(1+x) + tF )2 + 1p1 + 16g2(x(1�x)� tF )2 ) (B.2)� �p1+16g2(x(1+x)+tF )2p1+16g2(x(1�x)�tF )2 + 1 + 16g2(x2 + tF )2 � 16g2x2�� 12 :69



70 APPENDIX B. SUPPLEMENTARY DETAILS TO CHAPTER 4Then the result for the zero-bias dimensionless 
ondu
tan
e is�g = p2g ( 1p1 + 16g2x2(1 + x)2 + 1p1 + 16g2x2(1� x)2 ) (B.3)��p1 + 16g2x2(1+x)2p1 + 16g2x2(1�x)2 + 1� 16g2x2(1�x2)�� 12 :The asymptoti
 behavior of this formula for small magneti
 �elds is dis
ussed inse
tion 4.2.1.B.1.2 The 
u
tuationsThe di�usonStarting from Eq. 4.20,D = Xk;q Z (d�[eV ℄)(d�0 [eV ℄)Ao2(k; �+eV )Ao2(k�q; �0+eV )�X� 6=�0 hg�1 (K; �; �)g�01 (K�q; �0; �)i2D��0(q; !) ;�rst, the k-integral (
ontinuum limit) is evaluated. With the spe
tral fun
-tions Ao2 being Æ-distributions, this 
an easily be done, using the approximation�k��k � �k � vF�k 
os', i.e.D = �L2�Xq Z (d�[eV ℄)(d�0 [eV ℄) 2�Zo d' Æ(�vFq 
os'+ !) (B.4)�X� 6=�0 1(�eV+evFA 
os'+(�) i2� )2 1(�eV+vFjeA+qj 
os'+(�0) i2� )2D��0(q; !) :For eV � ��1, B � B(l)
 whi
h is the most interesting region, the terms 
omingfrom the outer Green's fun
tions just 
ontribute a fa
tor �(�)i2� ea
h. Thisleads to the following expressionD = 16�L2�� 4Xq Z (d�[eV ℄)(d�0 [eV ℄) 2Re [D(q; !)℄ 2�Z0 d' Æ(! � vFq 
os') : (B.5)Integrating out the angles with the help of the Æ-distribution whi
h 
auses a re-stri
tion of the q-summation, and eliminating one energy integral, we get Eq. 4.22:D = 8� 2�2 eVZ0 d! (eV � !) Xjqj> !vF 1pv2Fq2 � !2 2Dq2D2q4 + !2 : (B.6)



B.1. TUNNELING FROM A CLEAN TO A DISORDERED 2DEG 71In the 
ontinuum limit, the q-integral 
an be solved by means of the substitutionx =pq2 � (!=vF)2. Thus,Zq> !vF (dq) 1pv2Fq2 � !2 2Dq2D2q4 + !2 = L22p2D!qpD2!2 + v4F +D!pD2!2 + v4F (B.7)' L22vFp2D! for ! � ��1 :Inserting this into Eq. B.6 leads to the result (4.23).The CooperonFollowing the same lines as for the di�uson, we obtain Eq. 4.26:C = 8� 2�2 eVZ0 d! (eV � !) XjQj> !vF 1pv2FQ2 � !2 2D(Q� 2eA)2D2(Q� 2eA)4 + !2 : (B.8)As explained in se
tion 4.2.2, starting from there, two strategies may be applied.1. C(2eA; eV )To evaluate the Q-integral, we have to negle
t ! against vFQ. In the 
ase of thedi�uson 
ontribution it has been pointed out that this approximation is valid foreV � ��1. With the substitution Q0 = Q�2eA 
os', this leads toC(2eA; eV ) = 8L2� 2�3vFD 2�Z0 d'2� eVZ0 d! (eV � !) Z dQ0 (Q02 + 4(eA)2 sin2 ')(Q02 + 4(eA)2 sin2 ')2 + ( !D )2= 4L2� 2p2�2vFD 2�Z0 d'2� eVZ0 d! (eV � !)qp16(eA)4 sin4 '+( !D )2+4(eA)2 sin2 'p16(eA)4 sin4 '+( !D )2 :In the next step the energy integration 
an be 
arried out, using the substitutionu =p16D2(eA)4 sin4 '+ !2, whi
h leads to the result (4.27).2. C(rm; eV )Sin
e the Q-integral in Eq. B.8 is a 
onvolution integral, the Fourier transformof the Cooperon 
ontribution has a simpler form:~C(rm; eV ) = 32L2�� 4� eVZ0 d! (eV � !)Fb(rm;!) � Fd(rm;!) ; (B.9)where Fb(rm;!) = FT�(v2FQ2�!2)�1=2	, and Fd(rm;!) = FT fRe [C(Q; !)℄g.



72 APPENDIX B. SUPPLEMENTARY DETAILS TO CHAPTER 4These Fourier transforms are 
al
ulated as follows:� in the ballisti
 
ase (see Gradshteyn [54℄, 6.554 (3.)),FT�(v2FQ2�!2)�1=2	 = L24�2 2�Z0 d' 1Z!=vF QdQ 1pv2FQ2 � !2 eiQr 
os'= L2!2�v2F 1Z1 dq qpq2 � 1 Jo(!rvF q)= L22�vFr 
os !rvF ����!!!0 L22�vFr ;� and in the di�usive 
ase (see Gradshteyn [54℄, 6.536),FT fRe [C(Q; !)℄g = 18�3�� 2 2�Z0 d' 1Z0 QdQ DQ2D2Q4 + !2 eiQr 
os'= 14�2�� 2D 1Z0 dQ Q3Q4 + ( !D )2Jo(rQ)= 14�2�� 2DRe�Ko(r i!Dr)� = 14�2�� 2Dker�r !Dr� :Inserting these fun
tions into the expression for ~C (Eq. B.9), the �nal result is~C(rm; eV ) = 4L4� 2�4DvF eVZ0 d! (eV � !) 1rm 
os !rmvF ker�r !Drm� : (B.10)Rewriting this in terms of the ballisti
 and di�usion lengths, Lb and Ld, respe
-tively, yields~C(rm; eV ) = 4L4� 2(eV )2�4D2 1Z0 dy(1� y) L2dLbrm 
os �rmLb y�ker�rmLdpy� (B.11)with y = !=(eV ).



B.2. TUNNELING BETWEEN TWO DISORDERED 2DEGS 73B.2 Tunneling between two disordered 2DEGsB.2.1 Evaluation of the average 
urrentAgain the starting point is Eq. 4.3:hIi = 2e jT j2Xk Z (d�[eV ℄)a1(k� eA; �; �1)a2(k; �+ eV ; �2) :Without the Æ-distribution from the 
lean layer, the energy integral has to beevaluated by 
ontour integration. Splitting the spe
tral fun
tions into Green'sfun
tions (ai = i(g+i � g�i )), we get four terms, but only the 
ross terms g+1 g�2(g�1 g+2 ) 
ontribute to the integral, i.e.hIi = 2e jT j2Xk Z (d�[eV ℄) �g+1 (k�eA; �)g�2 (k; �+eV ) + g+1 (k�eA; �)g�2 (k; �+eV )� :(B.12)As the Green's fun
tions are strongly peaked around the Fermi 
ir
le, the iden-ti�
ation jk j = kF is a good approximation. Then the integral over the realaxis 
an be 
losed at in�nity and the result of the integration over the 
omplexhalf-plane is given by the Cau
hy formula. Thus,hIi = 2e2V jT j2 L2� �1 + �2�1�2 2�Z0 d'2� 1(eAvF 
os'� (eA)22m )2 + (�1+�2)24�21 �22 :For the �nal result see Eq. B.1 or B.2 with � repla
ed by �� � �1�2=(�1 + �2).B.2.2 The 
u
tuationsD1 and C1The 
al
ulation is presented for a di�uson in layer 1: D !1 (1). As indi
ated inse
tion 4.3.2, the Cooperon 
ontribution gives the same result. The 
ontributionfor a di�uson (Cooperon) in layer 2 
an easily be obtained by ex
hanging �1 and�2 (as well as D1 and D2, of 
ourse).Negle
ting the energy di�eren
es as well as the �eld dependen
e of the outerGreen's fun
tions, too (see se
tion 4.2.2), Eq. 4.42 takes the formD !1 (1) = Z (dk)[g+1 (k)g�1 (k)a2(k)℄2 � Z (dq)2Re [D(q; !; �1)℄ : (B.13)



74 APPENDIX B. SUPPLEMENTARY DETAILS TO CHAPTER 4The two integrals 
an be evaluated separately. For the k-integral we use therelation ai = g+i g�i =�i. Hen
e,Z (dk)[g+1 (k)g�1 (k)a2(k)℄2 = L2�2� 22 Z d�k[g+1 (k)g�1 (k)g+2 (k)g�2 (k)℄2= i�L2�� 22 � ���k (g�1 g+2 g�2 )2j�k=�+ i2�1 + ( 1$ 2 ) �= 16�L2� � 41 � 22(�1 + �2)3 (� 21 + 3�1�2 + � 22 ) :The q-integral has to be 
ut o� at q2max = (D1�1)�1 � l�21 , givingZ (dq) 2Re[D(q; !; �1)℄ = 14�2�� 21 Z d(q2) D1q2D21q4 + !2= 18�2�D1� 21 ln(1 + 1(!�1)2 ) : (B.14)Combining this:D !1 (1) = 2L2�D1 � 21 � 22(�1 + �2)3 (� 21 + 3�1�2 + � 22 ) ln(1 + 1(!�1)2 ) :Colle
ting all the 
ontributions, after energy integration, this leads to the result(for �1 = �2 � �)(�I) 21 = hI(B=0)i2 � � lL�2 52�(kFl)2 (B.15)�� 4eV � ar
tan(eV �) + ln(1 + 1(eV �)2 )� 1(eV �)2 ln(1 + (eV �)2)�� �hI(B=0)i2 � � lL�2 5�(kFl)2 ln(eV �) : (B.16)The 2-di�uson 
ontribution: D2To get this 
ontribution, Eq. 4.51 has to be evaluated, i.e.D !2 = 4Xq Re [D(q; !; �1)℄ Re [D(q; !; �2)℄ � �Z (dk) g+1 (k)g�1 (k)g+2 (k)g�2 (k)	2 :(B.17)The k-integral givesZ (dk)g+1 (k)g�1 (k)g+2 (k)g�2 (k) = 4��L2 � 21 � 22�1 + �2 :



B.2. TUNNELING BETWEEN TWO DISORDERED 2DEGS 75From the q-integral, i.e. the di�usons, we getZ (dq) 2Re[D(q; !; �1)℄ 2Re[D(q; !; �2)℄= 14�3�2L2� 21 � 22 Z d(q2) D1q2D21q4 + !2 D2q2D22q4 + !2= 18�2�2L2(D1+D2)� 21 � 22! :This leads to the result (4.52).The 2-Cooperon 
ontribution: C2Similar to the 
ase in se
tion 4.2.2, the Cooperon 
ontribution 
an be written asa 
onvolution integral, i.e.C2(2eA; eV ) = 32L4�2(�1�2�� )2 eVZ0 d! (eV �!) (Re[C�1 ℄�Re[C�2 ℄)(2eA) : (B.18)Then its Fourier transform has the following form:~C2(rm; eV ) = 32L4�2(�1�2��)2 eVZ0 d! (eV �!)Fd1(rm;!) � Fd2(rm;!) ; (B.19)where Fdi = FT fRe[C�i ℄g. These fun
tions are given by Eq. 4.58, leading to theresult~C2(rm; eV ) = 2L4�� 2�4D1D2 eVZ0 d! (eV �!) ker�r !D1 rm�ker�r !D2 rm� : (B.20)For further dis
ussion see se
tion 4.3.2.
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