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Structure of the vortex lattice in the Fulde-Ferrell-Larkin-Ovchinnikov state
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In clean superconductors under a high magnetic field, when the upper critical field is determined by both
orbital and paramagnetic effects, new solutions for the superconducting order parameter, with additional
modulation of the vortex lattice along the field, must be realized. They correspond to the Fulde-Ferrell-Larkin-
Ovchinnikov effect. In order to determine the structure of the vortex lattice in the new phases, we derive a
modified Ginzburg-Landau functional in the highlimit, and we determine the corresponding phase diagram.
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[. INTRODUCTION the change in sign of the coefficiept at the gradient term
B|VA|?. In the standard GL functionaf is positive, but it
In 1964 Fulde and Ferréland Larkin and Ovchinnikdv  occurs as a function of the field acting on the electron spins
demonstrated that a superconducting state with a spatialynd goes to zero at [T*=0.56T,,H* =Hy(T*)
modulated order parameter may be stabilized when a large 1.0%kgT./ug], being negative af <T*.2 The negative
magnetic field or internal exchange field is acting on thecoefficient 3 means that the modulated state has lower en-
electron spins(the paramagnetic effect So far, to our  ergy when compared to the nonuniform one. To find the
knowledge, such a Fulde-Ferrell-Larkin-Ovchinnikov qqyiation vector, one needs to incorporate into the GL
(FFLO) state has received no unambiguous experimental eV nctional the term with a second-order derivatis|& 2A|2.

dence. The main reasons are that such a state is very sensl-addition. i - :
. . . i . addition, in the BCS theory, simultaneously with the van-
tive to impurities and that the orbital effect of the magnetic . y y

field is usually more important than the paramagnetic one'.":’hmg of the gzadm_nt term, (tghe coefﬂm_emtat Fhe fourth-
However, type-ll magnetic superconductors of the borocarprder termy|A|* vanishes, to ..Due to this partlculzar pr<)2p—
bide family (R)Ni,B,C should be promising candidates for €™ one needs to add the higher-order terris\|*|V A|
the FFLO-state observation in the paramagnetic phase. fRNd|A[". Such a description is adequate in the vicinity of the
deed, the reentrant behavior of the upper critical fidlg ~ tricritical point (TP) (T*,H*), where the modulation vector
along the easy magnetic axis in TmB,C (T,=10.5 K,  9oes to zero. At théd/FFLO transition, the modulation of
Ty=1.7 K) indicates a strong internal exchange fielsh  the order parameter with momentup \— /24 is favored,
this paper we intend to clarify the structure of the FFLO stateand both solution®'® ande™'% are degenerate. It is the
when the paramagnetic effect is important and the orbital onéourth-order term that breaks the degeneracy and selects ei-
cannot be neglected, in order to describe the situation rekther a cosfx) modulation(LO phase according to widely
evant to the experiment. For this, we develop a Ginzburgused terminologyor ae'¥ modulation FF phaseBy taking
Landau (GL) type functional for superconductors in the into account all the relevant terms in the functional, it is
clean limit. Such an approach was developed in the puréound that theN/FFLO transition is actually slightly first
paramagnetic limit by Buzdin and Kachkathind then ex- order into an LO stat®.Moreover, the FFLOJ transition
tended to unconventional singlet superconductivity in theappears to be second order.
presence of impuritie$lt should be considered as an aid for  In a more realistic situation, the orbital effect cannot be
clarifying the structure of the FFLO state, and as a guide foneglected. In type-II superconductors, it induces a vortex lat-
a theory extended to all temperatures and magnetic field$ice structure in the superconducting sta8 below H,.
Hereafter, we assume that the paramagnetic effect is causdthe coexistence of both FFLO and vortex modulations has
by Zeeman splitting and we note the internal fieldugB,  been considered in the exact calculatiorHgh(T) assuming
whereB is the local inductionassuming a Landéactorg  that the transition is second ord@r! At the transition, the
=2). Results should be easily generalized to the case dfrbital effect forces the solutions for the order parameter to
magnetic superconductors, where the main contribution to be eigenfunctions of the operatdr—iV—(27/¢$g)A]%,
comes from exchange interactions between electrons and pwhereA is the potential vector, ang,= wfic/|e| is the flux
larized magnetic atoms. qguantum. This problem is equivalent to that of a charged
Using Eilenberger equatioriswe derive the GL free- particle in a constant magnetic field. The eigenvalues are
energy functional forswave superconductivity in the pres- [27B(2n+1)/¢o+q?], where the Landau levelLL) n
ence of orbital and Zeeman effects in the weak-couplingjuantizes perpendicular motion, ampis the continuous
limit, by supposing both a small value and slow variation ofwave vector in the direction parallel to the field. In the ab-
the order parametek over the superconducting coherence sence of a paramagnetic effekt,, corresponds to the low-
length&p="7v e/2kg T, . In the pure paramagnetic limit, the est eigenvalue, thus=0 (lowest Landau level, or LL}.and
free energy is valid near the second-order nor(hglto uni-  g=0 (no parallel motioh When the paramagnetic effect is
form (U) superconducting phase transition at the magnetistrong and temperature is decreased, highgrmay be ob-
field Ho(T). The nonuniform state appearance is related tdained forq#0 whena,,>1.8 (that is, FFLO modulatioy°
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and/orn#0 whenay,>9,!* giving rise to new solutions for . %
A. Here, the Maki parameteray=2H2"(0)/Hp(0) (hotio)f,+ v If,=0Ag,,
weighs the paramagnetic and orbital effe’(?tngEb(O)

=0.165p,/£2 is the orbital limit at T=0, and Hp(0) N .
=1.2%gT./ug is the Chandrasekhar-Clogston paramag- (iotioh)f,— v " f,=oA*g,,
netic limit.
The main goal of our paper is to calculate the structure of 95+ flrf:rrz 1. (1)

A nearH,, in the presence of both orbital and paramagnetic

effects and in the frame of the modified GL functional for Here, A(r) is the superconducting order parameter,
high-« superconductorsk( is the Ginzburg-Landau param- =(2n+1)wkgT/A are the Matsubara frequencieH=V
eten. Indeed, we expect that the need to consider a new basis (2i wl po)A, and V=UF13 is the Fermi velocity. These
of Landau functions fol should affect strongly the form of equations should be solved self-consistently with the condi-
the resulting vortex lattice. In three-dimensional supercontion
ductors, it is speculated that the FFLO phase consists of the
vortex lattice with additional modulation of the order param-
eter along the direction of the applied magnetic field. That is,
the structure of the order parameter corresponds to the modu-
lation along all three directions. Such a method was already The characteristic paramagnetic length scale for the order
employed by us in quite a different context of two- parameter is 2/q, whereq is the FFLO modulation vector.
dimensional superconductivitigsee Ref. 13, for more de- The orbital length scale is of the order qtpo/B. We as-
tgil§): In Sec. Il, we derive the free—e_nergy functiona} in the gyme thatgéy<1 and eo=2mB&Y o<1, or equivalently
vicinity of TP. In Sec. Ill, we determine the phase diagram.g <y _(0). These conditions are fulfilled in the vicinity of
We find that two new superconducting FFLO phases appesfp ang for large values afy, . Then, near thé\/S second-

at high _magnepc fields betweeh and S states and below ) qr transition, we can expand Eqg) and (2) up to sixth
some triple point at temperatufig<T*. Very nearTo, the  gger inA and in the operatov-IL. By considering all the
phase is of the FF type, if we characterize it by the nature ofg|eyant terms we find that these equations derive from the

the modulation along the field. At lower temperatures, it is of jitfarence of free-energy density between the superconduct-
the LO type.N/FF andN/LO transitions neafl are of the ing and normal state

second orderN/LO transitions at lower temperature be-
comes first order. Transition to tt&state is expected to be
second order. Let us stress that other attempts have bee,m‘:N(o)Vflf d3r[a|A|2+ﬂ|HA|2+5
made to calculate the structure af from direct numerical
minimization of the complete Eilenberger equatidhsiow- _—
ever, effects such as the appearance of an FF state and a 4e’B 2
a : + |A|
change of the transition order into an LO state have not been #2c2
revealed. We believe that our method, though limited to
some restrictive conditions, gives better understanding of the
situation and can give some hints for further numerical cal-
culations.

A(r) _f d?Q,

0 4
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A(r)ln?czkaTE fo(r,v,)

. (@

T1°A |2

M
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+A2(IT*A*)2]+ 7;|A|6}. 3)

N(O0) is the density of states at the Fermi lewéthe volume

of the sample, and we introduced
Il. FREE ENERGY NEAR THE TRICRITICAL POINT
1

ho ho+il

T
We derive the free-energy functional for a clean, type-l a=In—+27kgT ReE (
superconductor £>1) in magnetic field by making use of Te ®>0
the quasiclassical Eilenberger formali$iNote that we con-

i i i - - imati (hvg)?K K
sider the orbital effect in semiclassical approximation. In- B= F) K3 3
deed, the effects we discuss here are quite different from 12 ' Y
those related to electron level quantizatiérsuch quantiza-
tion may start to play a role at extremely low temperatures (hvp)*Ks B (hve)?Ksg Ks

T<T§/E,:, whereEg is the Fermi energy, whereas we con- so ' M 6 M '

sider the situation near the tricritical temperatuiie

~0.5T,. Near the normal-to-superconducting phase transiwhere

tion, the superconducting screening current is negligible. So

the local magnetic fiel®=Bz=rot A may be co_nS|dered as K,=2mkgT Rez —

homogeneous, as well as the exchange fieddting on the >0 (Ao+il)"

electron spins. Then, the Eilenberger equations on the aver-

aged Green functiong, (r,v, ), f,(r,v,0), andf;(r,v,w), In the vicinity of TP, § is positive. Thus, we introduce the
with spin indexo= * at temperaturd are dimensionless order parametap(r)=A(r)/27kgTc\eo,
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spatial coordinate7=\/e_or/§0, free-energy density? have the same critical field with,#0. At this stage, Xve
=]—'/(27rkBTC)2N(O)(568/§S) and  coefficients o obtain the coordinates of thBl/S/FFLO triple point (@
— (£l 52+ 1), B=BE2 Sey. ON the whole, we obtain the ~ 16~ 72).
free-energy density

IIl. STRUCTURE OF THE SUPERCONDUCTING STATE

7-'=V‘1f dgF[ZvI |2+ BTy 2+ T2y >+ 38| y* In this section, we investigate the most favorable structure
for the order parameter in tHestate, just below the transi-

tion. At the transitiona=a., the order parameter may be
any linear combination¥ (r) of the corresponding eigen-
functions at Landau leveh and wave-vector amplitudg.

+10 ¢|6] - (4 Now, we keep3 constant and we consider<a.. The order
parameter should be obtained by the minimization of (Bg.
In this formulation,a and 3 play, respectively, the roles of Where the fourth-order terms are now retained. Therefore, we
renormalized magnetic field and temperature. consider the next approximatiap= " + ¢!, According to
Analyzing the conditions at the second-ord#tS transi-  the perturbation theory, to be a solution, it should obey
tion, we find thaty must be an eigenfunction of the operator J ¥* /"=0. After straightforward calculation, we obtain

f12. Thus, the corresponding upper critical field depends orin€ freée energy up to the fourth order:

the Landau leveh and dimensionless wave vectprand the
actual one is given by

40 ~ 5 ~ ~
+ 3 P2+ S Ly 2(Tyg)? + g 2(IT* y*)?)

N

O——=—
[P 12T |?

38|V +

F=(a—a)|¥]*+

w|

a.=ma{ —B(2n+1+9%) —(2n+1+9?)?].
n.g
Accordingly, we get

+ g[«y* 2(TTW) 2+ w21 v*)?)

a.=—(B+1) if B>-2, where the overbar stands for the spatial average. Every spa-
tial average depends only on the geometry of the structure of
~ "Bz _ the vortex lattice. Therefore, the free energy
a’CIZ if B<—2. (5)
~ ", . ~ (ZZ—ZYC)Z
When B> —2, the critical field corresponds to LLLnN( ]::_T
4

=0,0.=0), whereas whemB< —2, it corresponds tor
=0,g2=—(B+2)/2), but forB< —4, it is still possible to is minimum when the coefficient

~—— 40 = 5 = =
SBIW[*+ W w2+ Z[w2(Tw) 2+ w2 v+ 2]
B4:

(lw[)?

is minimum also. Note that such a coefficient is analogousnow, we consider the situation whef< — 2. In such case,
though much more cumbersome, to the one derived by Abriwe expect the order parameter to realize either the exponen-
kosov | W |4/(|¥|?)2.16 tially modulated(FF) state

We are now considering the case whenis given byn ~ ~—
=0. WhenB>— 2, there is no modulation along thzeaxis, Y (xY,2) = po(x,y)e™, ®)
the order parameter realizes the usual two-dimensional voigng BiF=(—2B-L)B,; or the sinusoidally modulated
tex lattice ¢o(X,y), and B,=(3B+2)B, where B, (LO) state
=|¢o|*/(|@o|®)?. To derive this we used the properties
(I, ¥)2=0 and |V}, ¥|2=L|¥[% where iI,
=(11,.11,). The minimum value foB, is positive, and itis andB}°=(3+5)B,. From the analysis of both values for
given by the triangular vortex lattice for whighl' =1.1596.  B,, we conclude that the most favorable vortex lattice re-

U (X,y,2) = @o(X,y)singz, @)
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FIG. 1. Phase diagram in the8(a+ B+1) plane. Thin lines T T T
stand for second-order transition, thick lines for first order. The 1 0 ¢
peculiar choice of coordinates permits to dilate the region where the T
FF state is favored. It would be much more reduced in a standard
(T,H)-phase diagram. FIG. 2. Qualitative phase diagram. Thin lines stand for second

order transition, thick lines for first order.
mains the triangular one, and the transition is of the second

order into the FF state for <3< —2, second order into modulation. We verified that the last solution is not favored.
the LO state for—5<B<—%2, and first order into the LO This result strongly suggests that the cascade of transitions of

state for3<—5. Indeed, af8=—5, B, reverses its sign, the second order into higher L(Ref. 11 is suppressed by
and the transition can no longer be treated by neglectinghe first-order transition into LLL, though with modulation.
sixth-order terms in Eq(4). Though we neglected the current in the order-parameter
Determination of the transition between the differentstructure determination, we may calculate it from the free-
SIFF/LO superconducting states requires numerical minimi&€nergy functional3). In particular, the macrosopic current
zation of Eq.(4). However, we may use the first-harmonic along thez direction isfdxdyj,, where
approximation when considering the periodic FFLO modula-
tion along the field. This approximation was employed in a
similar discussion of the commensurate/incommensurate
transition in ferroelectrict’ and it consists of assuming that
the order parameter still has one of the fori@®sand(7) with
the triangular vortex lattice, except that the modulation wave
vector is now deduced from the minimization of E4), i.e.,

25
jz=2i|e|N(O)<BAaZA*+?H*ZA*(?ZA
45 .
+?H82A~H A*—c.c.. (10

Fre=[(a—a) +(0?—02)?]| ol . . .

_ Then, we find that the conditiai®) for determining the wave

+[B5T +10(9%— 99 ]| ¢ol* (8)  vector in the FFLO state gives exactly the vanishing of the
calculated current. Such a point may look counterintuive, in
particular regarding the absence of current in the FF state.
Still we stress that expressiofil0) contains additional
higher-order derivative terms compared to standard GL
25 theory, for the same reasons as were necessary to modify the
+ Bﬁo+ g(qz—qﬁ) lol* ) free-energy functional. In the pure paramagnetic limit, this
point was already noticed in Ref. 2.

in the case of the LO state. Note that thetate corresponds To conclude this section, we consider how the pure para-
to Eq.(8) Whena=0. From the analysis of Eq8) and(9), magnetic limit is recovered. Whedm,, grows to infinity, all
we conclude that th&/FF transition is of the second order the particular points on Fig. 1 collapse onto TP. Then, our
for B>—2.12, and first order below. TH&LO and FF/LO result at theN/FFLO transition is in agreement with that of

transitions are also of the first order. Finally there is anOthethgolfglsatt_:(;dgtratt:%aprﬂgogisigtc;elr?1ne?1-td?erlseigig?é ;i?rlgsnc;iiﬂﬁgy
SIFF/LO triple point at3= —2.18. All the results are sum- ' g P

. . . S orders at the FFLQJ transition can be explained. Indeed, the
ma”z‘id in the phase d|agrar_n represented in F|g.. L ~ result of the transition of the second order could only be
At B<—4, we noted previously that new solutions with made by considering a large number of harmonics in describ-
higher LL give the same critical field. In particular, A= ing the periodically modulated order paraméeteso, it is
—4, the LO solution described in the previous paragraph is)atural that the first-harmonic approximation misses this
in competition with the vortex lattice constructed with ( point, and theS/FFLO transition is mostly of the second
=1) Landau functions in the absence of perpendiculaorder.

in the case of the FF state or

Fro=[(a—a)+(@-9%?]¢o?
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IV. CONCLUSION also. In this state, there are parallel planes of node4 .of
. . .They should induce strong modifications in the out-of-

From our results, we predict that in clean, paramagneti- _~2. ~. ; )
quilibrium properties of the superconductor, such as pin-

cally limited superconductors, the FFLO effect consists of

enhancing the upper critical field by inducing a new super-"9: In the particular case of TmpB,C, we expectTo

_ 18 H ~2— -
conducting phase where the vortex lattice persists, and FFL(?Z'4 K, corresponding to not too largey ~3-4. Ex

modulation takes place along the direction of the fiedde rapolating our estimates to this compound, we thus expect

. . : : he FF phase to be favored in a region not much larger than
Fig. 2. The temperature below which this happens is Iowert - ;

than that of the tricritical point in the pure paramagnetic(o'l 02) K, and the temperature where there is the change
limit, and its displacement is aboit* — To~1.2T,/ay, of transition order should be too reduced to be observable.

Moreover, the transition becomes first order below someThUS' major hope of observing the FFLO state would be to

temperaturer,, such asTy—T,~4T./a), . The supercon- explore the properties inside the LO state.
ducting state may be of two kinds. The first kind is charac-
terized by exponential modulation near the transition to\the
state. It takes place on a narrow region néay (AT This work was supported by the ESF “Vortex” Program
~0.08T./ay,). Despite thee'9* factor in the order param- and the CEA(Accord-Cadre No. 12§ One of the authors
eter, no bulk current flows in the sample at equilibrium. The(A.B.) is grateful to MSD, Argonne National Laboratory, for
second kind has sinusoidal modulation near the transitiosupport.
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