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Josephson-junction arrays in the charge regime

• Enable Synthetic quantum materials 
experimental platform to study QPT’s,  the AdS-CFT 
conjecture, novel quantum phases, etc…

• Quantum standards metrology                    
with 1D chains, possibility of dual Josephson effect 
→ “Shapiro” current steps - a primary current 
standard of unrivalled accuracy

 Like optical lattices or trapped ions, but with strong interactions, 
significant intrinsic disorder, and possibility of novel electronic devices

Significant for redefinition of the SI ampere and kilogram,
  but not yet successful.    Why not?



in superconducting

 leads


wave-function for 

Cooper pairs

Using JJ’s, circuits can behave quantum-mechanically

The Josephson junction is the only 
circuit element that is non-linear and 
non-dissipative

Electrical Mechanical
charge Q momentum  p  

voltage  V=Q/C velocity  v=p/M
capacitance  C mass M

phase  θ coordinate  x
[θ,Q]=ie [x,p]=iħ

inductance  L spring constant  k
LC-circuit harmonic oscillator
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a few circuit elements 
lots of possibilities!

(can emulate lots of possible 
Hamiltonians)
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NIST Watt Balance

The Quantum Metrological Triangle ⇾ quantum kilogram

• JE frequency-to-voltage  h/2e   -  arrays at 1 Volt accurate to 2 parts in 1017

• Josephson effect and (integer) quantum Hall effect fix h and e

• Redefine SI kilogram by link to h, using a Watt balance.  

• Desirable to test consistency of JE and  QHE independently using a primary 
current standard , i.e. complete the QMT

• ‘dual’ Josephson effect enables novel quantum devices
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A.  ‘quantum’ Ohm’s law
presently defined via 

mechanical force

versus

B. single charge transport
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Connolly et al. Nature Nano (2013)e.g. graphene QD —

i.e. a charge pump

but rel. accuracy too large (~10-6)
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Bylander, Duty and Delsing, Nature, 2005

In real time.... or with spectrum analyzer
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50-junction chain injected into RF-SET 

Current (pA)
Fr

eq
ue

nc
y 

(M
H

z)
0 0.2 0.4 0.6 0.8

2

4

6

8

0

0.2

0.4

0.6

0.8

1

f=I/e 

5fA to 1 pA 

time-correlated but incoherent tunnelling
 ⇾  accuracy too large (~10-6)



The DC Josephson effect

AC Josephson effect

Vc
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Shapiro Steps

• Josephson junction ac-biased with microwaves
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dt
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Jn (x) is the Bessel function of order n

constant-voltage current step 

extra DC super-current for   2eV = n~!

zero voltage super-current suppressed as 

Istep0 = 2I0 J0
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E = h⌫ = 2eV 1 µeV = 484 MHz
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MILLIMETER-WAVE MIXING WITH JOSEPHSON JUNCTIONS
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pro. ]. Voltage-current curves for a Nb-Nb point-contact Josephson junction exposed to a 72-Gc/sec signal at various power leveis.
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Some junctions were tested that had more or less
prominent subharmonic structure in their V-I curves
in the presence of rf. Such structure, which occurs at
voltages given by nscoo——ego, is characteristic of metallic
bridges" between the superconductors forming the
junction. A mixed-frequency signal associated with the
subharmonic steps was observed similar to that de-
scribed later associated with the main steps. However,
no detailed study of such junctions was undertaken
and attention is confined in the balance of this paper
to the behavior of junctions similar to that of Figs. 1
and 2.
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Fn. 2. Data from Fig. 1 plotted to display how the current in
several constant-voltage steps varies as the applied rf voltage is
varied. The data points from the nth step are compared with the
amplitude of the nth-order Bessel function which is the behavior
expected for an ideal tunnel junction. The data were fitted to the
theoretical curves at the two points denoted by double circles.
The rf voltage across the junction is expressed in units of hf/2e
or 149 yV per division.

A schematic block diagram, applicable to all the
mixing experiments, is shown in Fig. 3. The signals from
each of two separate rf sources, labeled klystron A
and klystron 8, passed along a waveguide containing a
ferrite isolator, a wavemeter and a precision attenuator
before being combined in a waveguide "tee."Thus each
source was isolated from the other as well as from
junction reflections and both the frequency and ampli-
tude of each source could be separately measured and
adjusted. The combined rf signals passed into the
helium Dewar via a section of appropriately sized
waveguide and fell onto the junction mounted across
the waveguide near its termination. The waveguide
was left open at its end. The mixed frequency, or
intermediate frequency (i.f.), was on the order of
I Mc/sec and was brought out via a coaxial line con-
nected directly across the voltage terminals of the
junction. The i.f. was amplified in a Tektronix type
1A7 rf amplifier. The output of the amplifier was in
turn rectified and, when desired, switched to the V
terminals of a Moseley 7000-A X-V recorder where it
wa, s plotted as the i,f. amplitude. The junction bias

Grimes and Shapiro Phys. Rev. 169, 397 (1968)
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Mr. SQUID User’s Guide 

 

 
 

Trouble-avoidance tip:  If you cannot see any steps in the V-I after tuning the frequency up all 
the way, go back and repeat step 1 at a slightly higher frequency, then repeat step 2.  Due to the 
spurious electromagnetic modes which form in the Mr. SQUID® dewar due to the silver coating 
inside the glass dewar, getting the microwaves to couple properly can be somewhat of a “black 
art”.   

7.4.2 Procedure for using an x-band microwave horn 
STEP 1:  Cool the Mr. SQUID® unit down using the Styrofoam container rather than the glass 
and metal dewar which came with you Mr. SQUID® dewar. Note: Styrofoam is quite often used 
to hold liquid nitrogen for short duration uses such as cooling absorption pumps. However, use a 
container with thick enough walls (at least 3 cm) so that moisture does not condense on the 
outside during the course of this experiment. 

STEP 2:  Once you have a clean V-I curve, place the microwave unit on the table and point the 
horn towards the Mr. SQUID® unit. Move the unit to a distance such that you have suppressed 
the critical current of the Mr. SQUID®.  

STEP 3:  Once you have suppressed the critical current, move the microwave unit away until part 
(one half to one third) of the original supercurrent has returned. 

STEP 4:  Ideally, you will have a nice set of Shapiro steps in your V-I curve. If no steps are 
visible, you will need to play with the relative positioning of your Mr. SQUID® unit and the 
microwave unit. You may need to have the microwave beam “graze” the Mr. SQUID® unit, or be 
aimed at the probe stick rather than directly at the SQUID chip. Getting the microwaves to 
couple properly can be somewhat of a “black art”. 

7.4.3 Determining e/h 
To determine the value of e/h, we need to measure the voltages at which the steps occur.  This 
can usually be done to greater accuracy by having the V-I curve traced on an x-y recorder rather 
than on an oscilloscope.  From the trace shown above, we would place the steps at +9.25 µV and 
at -9.25 µV. (NOTE: The vertical scale on the scope display is 50 mV per major division, which 
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Can use Mr SQUID to determine h/e to 0.8% in an undergraduate lab!

Mr. SQUID User’s Guide 
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Figure 2-4  Rear panel of the Mr. SQUID® electronics box.  

STEP 5:  Connect the Output Device 
Connect the BNC coaxial cables to the output connectors labeled X (5) and Y (6) on the front 
panel of the control box.  The free end of the X cable should be attached to the horizontal input 
or x-axis of your display device (either a 2-channel oscilloscope or an x-y recorder.)  Likewise, 
the free end of the Y cable should be connected to the vertical input or y-axis.  While either 
display device is quite sufficient for Mr. SQUID® operation, using both an x-y chart recorder and 
an oscilloscope can be convenient for viewing and plotting the output of Mr. SQUID®.  Since 
there are a variety of display devices available in laboratories, we cannot specify the optimal 
configuration of the controls here.  Therefore, please refer to the manufacturer's instructions for 
proper operation of the display device you have chosen to use. 

 

 
Figure 2-5  An operating Mr. SQUID® system using an oscilloscope display.  
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10-volt Array
20,208 Nb-AlO-Nb Junctions
NIST, Boulder, 1992
10x20 mm chip

10-volt Array  
20,208 Nb-AlO-Nb junctions 
NIST, Boulder, 1992  
10x20 mm chip

The Josephson Voltage Standard 

see review by R. L Kautz 
Rep. Prog. Phys. 59 (1996) 935. 

∆∆∆∆V/V < 2x10 −−−− 16

∆∆∆∆V/V < 3x10 −−−− 19

Voltage-frequency conversion tested for 
• dissimilar junctions: to 2 parts in 1016 

• similar junctions: to 3 parts in 1019 

• arrays at 1 V: to 2 parts in 1017 

or  “Josephson Voltage Standard” on Wikipedia



The DC Josephson effect
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non-linear inductor when       
embedded in a circuit such that 
quantum fluctuations of 𝜽 are small, 
e.g.  phase, flux,  and  ‘transmon’ qubits,        
SQUID magnetometors…

EQ ≪ EJ

QM for the Josephson junction 

kinetic 
energy

‘washboard’
potential

For  EQ ≫ EJ    ⟹  single charge regime
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Coulomb blockade:  Josephson junction with large 
charging energy

•  ‘𝜽-particle’ in a periodic potential should have 
delocalised Bloch-wave eigenstates labeled by 
‘momenta’ k=2eq

• q is the ‘quasi-charge’ or charge brought to the 
junction by the current source

• Can interpret voltage arising from `super-current’ 
of flux quanta passing through the junction ( i.e. 
quantum phase slips of order s.c. order parameter)

Theory of the Bloeh-Wave Oscillations 353 
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Fig. 2. Dispersion curves E(S)(k) of  the Hamiltonian (10) exhibiting allowed energy bands 
for two typical values of  the ratio EQ/Ej: (a) 0.1 and (b) 2.5. The characteristic number  k is 
directly related to the junct ion "quasicharge":  k = q/2e. 

quasicharge q →

• Predicts ‘dual’ Josephson effects

• Nearly impossible to implement since one needs bias impedance at 
junction greater than RQ = 6.45 kΩ

• Use voltage-biased chains of Josephson-junctions instead:   
          junction in the middle see’s high impedance from rest of the chain 

K. K. Likharev and A. B Zorin,  JLTP 59, 347 (1984)
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Attempts to achieve dual Shapiro current steps
• Place large resistors (physically small) near single junction to get 

current bias with Z0 > RQ 

Phase locking of Bloch oscillations
I = 2ef

Kuzmin and Haviland (1991)

 But to this day….no really nice 
dual “Shapiro” current steps

Why not??   

Fig. 1. SEM-image of part of the array. The upper part of the
picture displays the gate layout.

Fig. 2. The frequency of the signal to the gate is in this example
30 MHz and the dotted lines represent the value
I"$2ef"9.6 pA. The magnetic "eld is 42 G.

junctions [4]. Here <
!

is the critical voltage of the junc-
tion which can be tuned by changing E

!
. The minimum

value of !
"

is !C/C
"
+10. The relatively large !

"
should decrease the in#uence of random o!set charges
in the substrate which is one of the major problems in
these kinds of experiments.

At B"0 the array displayed a Coulomb blockade of
Cooper pair tunneling, with E

!"
/E

#
+1.2. By applying

a magnetic "eld the threshold voltage could be tuned to
become very sharp, with hysteretic current}voltage char-
acteristics [5].

When the gate signal is applied the Coulomb blockade
becomes increasingly smeared with increasing amplitude
of the signal. The step in the I}< characteristics appears
at the value I"$2ef (Fig. 2) at all frequencies studied.
It is, however, most pronounced at frequencies at and
below 30 MHz. The sharpness of the peak is also sensi-
tive to the magnetic "eld, i.e. the ratio E

!
/E

#
, and the

peak disappears if the magnetic "eld is changed by only
a few Gauss. The sharpest peaks are achieved when
E
!
/E

#
+0.3.

We have demonstrated that it is possible to realize
transport of single Cooper pairs correlated with an ex-
ternally applied RF-signal. We have done this without
a high impedance in the bias lead created by resistive
devices. The fact that we only see a 2ef-peak at all
frequencies and no evidence of a step at I"ef is en-
couraging and we feel that this e!ect is well worth further
investigation.
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f  = 30 MHz

• Use 1D Josephson-junction chain
• each junction is effectively current-biased 

by the rest of the chain 



n ¼ 1 singularities have been reported in ultrasmall JJs
[14]. Indirectly, the presence of Bloch oscillations has been
demonstrated in another Josephson-device–Cooper-pair
box, where the injection of current I through the capaci-
tively coupled gate resulted in formation of narrow
sidebands fB ¼ I=2e in the spectrum of the reflected rf
signal [15].

Observation of the dual effect—the charge phenomena
in a QPSJ—requires a sufficiently high rate of quantum
fluctuations EQPS exceeding the energy EL ¼ !2

0=2L
associated with the system inductance L. Here the super-
conducting flux quantum!0 ¼ 2:07" 10#15 Wb, EQPS¼
"ðRQ=RNÞðL=!Þ2 expð#SQPSÞ, SQPS ¼ AðRQ=RNÞðL=!Þ,
the numerical factor A ’ 1, RN is the normal state resist-
ance of the wire with length L, and ! is the superconduct-
ing coherence length [16,17]. If SQPS & 1, the rate of
QPSs is small and the nanowire exhibits almost conven-
tional superconducting properties: vanishingly small re-
sistance below the critical current Ic. In the opposite
limit SQPS ’ 1, the quantum fluctuations are strong and,
being current biased, such a (superconducting) nanowire
below the certain critical voltage "VCB should demonstrate
the insulating state—the Coulomb blockade. Note that
the model [16,17] describes the impact of rather weak
quantum fluctuations, i.e., SQPS & 1, and has been proven
to be in good quantitative agreement with experiments
[7,8]. In the opposite limit SQPS ’ 1, which is of primary
interest for this Letter, strictly speaking, utilization of the
model [16,17] requires further justification.

The presence of the Coulomb blockade in NbSi
nanowires has been reported [18,19]. However, in this
extremely high-Ohmic and strongly disordered supercon-
ductor, the presence of weak links forming a chain of JJs
cannot be ruled out completely. In our work we study
titanium nanostructures, where it has already been demon-
strated that below the effective diameter #1=2 ’ 50 nm the
rate of QPSs is sufficiently high to broaden the RðTÞ phase
transition in nanowires (with low-Ohmic environment) [8]
and to suppress the persistent currents in nanorings [9]. The
samples were fabricated using the same technique de-
scribed in our earlier papers [7,8,20,21]. High-Ohmic
probes were fabricated either from slowly evaporated at
high angle titanium, showing no traces of superconductiv-
ity down to 20 mK, or from bismuth (Fig. 1) with resistance
up to Rp ' 50 M# enabling reliable current biasing of the
titanium QPSJ. The extensive scanning and transmission
electron, atomic force microscopic and elemental time-of-
flight elastic recoil detection analyses [8,9] revealed rather
conventional polycrystalline structures of the samples
without obvious structural defects and with the surface
roughness (2 nm. The presence of an extended network
of weak links, blocking the metal-to-metal electric current,
looks rather unlikely.

At a given temperature T < Tc the relatively thick
samples with diameter #1=2 ’ 40 nm and low-Ohmic

probes with Rp ’ 15 k# indeed demonstrate weak
Coulomb blockade with the zero-bias conductivity lower
than at a finite bias, but higher than in the normal state
(Fig. 2). The observation indicates that in these samples
with parameter SQPS ’ 14 and the associated energy
EQPS ’ 0:1 $eV the residual superconductivity wins over
the charge effects poorly resolved at realistically obtain-
able temperatures. Application of external rf radiation
stimulates weak nonlinearities on the dV=dI dependencies
at currents In ¼ 2efrfn (Fig. 2). Note that the correspond-
ing positions in voltage scale VnðfrfÞ do not form any
rational Shapiro pattern (Fig. 2, inset) to be present in a
conventional Josephson system. Thinner #1=2 ’ 24 nm
samples with relatively high-Ohmic Rp ’ 10 M# probes
exhibit clear Coulomb blockade with the gap "VCB ’
0:6 mV [Fig. 3(a)] corresponding to the estimation "VCB ’
EQPS with parameters deduced from the earlier experi-
ments on similar titanium nanowires [8]. At small bias
currents I ) 50 pA the V-I characteristics of all three
samples demonstrate discontinuity-type switching from
the current-carrying to the insulating state. Such behavior
is expected due to the non-single-valued I-V dependency
[12,13]. The Coulomb gap can be quasiperiodically modu-
lated by the gate potential "VCBðVgateÞ with the rf antenna
electrode used as a dc gate [Fig. 3(a), left inset]. The period
of the gate modulation is in reasonable agreement with the
geometry of the experiment resulting in the highest ampli-
tude and the smallest period for the closest to the gate
sample 23, and a larger period for the remote sample 1. The

FIG. 2 (color online). All-titanium structure: The nanowire
length L ¼ 20 $m, #1=2 ¼ 40( 2 nm, and Rp ’ 15 k#.
dV=dIðIÞ in the presence of external rf radiation with frequency
frf ¼ 1 GHz at T ¼ 70 mK. Arrows indicate the positions of the
expected current singularities In ¼ 2efrfn. Inset: Positions of the
first current singularity I1 (left axis, circles) and the correspond-
ing voltage V1 (right axis, stars) as function of the rf frequency
frf . Note the acceptable linear fit (solid line) for the current
singularities, as well as the absence of any rationality for the
V1ðfrfÞ dependency, which one might expect in the case of a
conventional Shapiro effect.
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Using a superconducting nanowire 
(like a junction chain in the continuum limit)

Coulomb Blockade and Bloch Oscillations in Superconducting Ti Nanowires

J. S. Lehtinen,1 K. Zakharov,2 and K.Yu. Arutyunov1,3,*
1Department of Physics, University of Jyväskylä, PB 35, 40014 Jyväskylä, Finland

2Physics Faculty, Moscow State University, 119991 Moscow, Russia
3Nuclear Physics Institute, Moscow State University, 119992 Moscow, Russia

(Received 25 June 2012; published 31 October 2012)

Quantum fluctuations in quasi-one-dimensional superconducting channels leading to spontaneous

changes of the phase of the order parameter by 2!, alternatively called quantum phase slips (QPS),

manifest themselves as the finite resistance well below the critical temperature of thin superconducting

nanowires and the suppression of persistent currents in tiny superconducting nanorings. Here we report the

experimental evidence that in a current-biased superconducting nanowire the same QPS process is

responsible for the insulating state—the Coulomb blockade. When exposed to rf radiation, the internal

Bloch oscillations can be synchronized with the external rf drive leading to formation of quantized current

steps on the I-V characteristic. The effects originate from the fundamental quantum duality of a Josephson

junction and a superconducting nanowire governed by QPS—the QPS junction.

DOI: 10.1103/PhysRevLett.109.187001 PACS numbers: 74.81.Fa, 74.25.F!, 74.78.!w

Since the early years of superconductivity, zero resistiv-
ity and perfect diamagnetism were considered as the man-
datory attributes of a superconducting state. Later it
became clear that in sufficiently small systems thermody-
namic fluctuations of the order parameter may significantly
broaden the superconducting phase transition. In the par-
ticular case of quasi-one-dimensional (1D) superconduc-
tors [1], quantum fluctuations, also called quantum phase
slips (QPS), enable finite resistivity in nanowires [2–8] and
suppress persistent currents in tiny nanorings [9,10] at
temperatures well below the critical point. Quite recently
it has been realized that a superconducting nanowire gov-
erned by quantum fluctuations is dual to a Josephson
junction (JJ): the Hamiltonians describing the two systems
are identical with respect to parametric substitution
EQPS $EJ, EL $EC, I$V=RQ, and q$’ [11]. Hence,
the extensively developed physics, describing the behavior
of a JJ, should be straightforwardly applicable to such a
nanowire—the quantum phase slip junction (QPSJ). In the
particular case of a current-biased QPSJ, it should exhibit
the coherent charge oscillations qualitatively described by
expressions similar to those of Bloch electrons in periodic
potential of a crystal lattice. The experimental test of this
prediction is the main objective of the Letter.

A conventional Josephson effect is observed in systems
with coupling energy EJ ¼ ðRQ=RNÞð!=2Þ % EC and
conductance G % 1=RQ, where RQ ¼ 6:45 k", RN is
the junction normal state resistance, and ! is the super-
conducting gap. In this limit the superconducting phase ’
behaves as a classical variable. Application of external rf
radiation with frequency frf leads to formation of quan-
tized voltage steps on the I-V characteristic Shapiro effect:
Vn ¼ hðfrf=2eÞn, n ¼ 0; 1; 2; . . . . In the opposite limit,
EJ & EC and G & 1=RQ, the quasicharge q rather than
’ is the classical quantity, and the Coulomb effects take

over the Josephson coupling [12,13]. The experimental
observation of the charge phenomena in JJs requires two
conditions. First, the JJ capacitance C should be small
providing high charging energy EC ¼ ð2eÞ2=2C % EJ.
Second, to enable the quasicharge q to be a well-defined
quantity, the system should be current biased. The periodic
charging of the junction leads to Bloch-type oscillations
manifesting as peculiar backbended I-V characteristics.
External rf radiation can be synchronized with the internal
charge oscillations leading to singularities at quantized
values of current In ¼ 2efrfn. Thus far, only rather broad

FIG. 1. Scanning electron microscope image of a typical sam-
ple with high-Ohmic contacts enabling four-probe transport
measurements and introduction of rf radiation.

PRL 109, 187001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

2 NOVEMBER 2012

0031-9007=12=109(18)=187001(5) 187001-1 ! 2012 American Physical Society

Lehtinen et al.     Phys. Rev. Lett. (2012)



The DC Josephson effect
I = I0 sin ✓

V =
~
2e

d✓

dt

• Looks like a ‘dual’ Josephson effect, but no one can’t get nice 
synchronised current steps….why not? 
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A Dual Josephson effect?

Vc

V = Vc sin 2⇡q

I = 2e
dq

dt

MAYBE DO NOT UNDERSTAND WHAT IS REALLY 
GOING ON!



Arrays of Josephson junctions:  quantum phase model 

• Array of Josephson junctions is described by the quantum phase 
model (ignores q.p. excitations)

H =

X

i,j

niC
�1
ij nj � EJ

X

<ij>

cos (✓i � ✓j)

• Can be mapped to Bose-Hubbard model with large filling, and 
interaction over     sites:  superconductor-insulator quantum phase 
transition expected for 

C�1
ij ⇠ ⇤EQe

�|i�j|/⇤

⇤ =
p
CJ/C0e.m. screening length

simplest 1D model has

• BH  model, large <n> is the Quantum Phase Model…

• Disorder:  has a Bose Glass (Anderson-like) insulating phase

⇤

EJ ' E0 = ⇤2EQ



on-site Bose-Hubbard Model with disorder
Fisher, Weichman, Grinstein and Fisher, Phys. Rev. B, 40, 546 (1989) 

H = �J
X

hi,ji

⇣
a†iaj + c.c

⌘
+

U

2

X

i

n̂i (n̂i � 1)�
X

i

(µ+ �µi) n̂i

‘hopping’ K.E. on-site interaction random chemical 
potential

• oversimplified but instructive

•       bounded by

• Mott insulator completely 
vanishes for large disorder

�µi ±�

Boson Hubbard model with random disorder

H = �J
X

hi ,ji

(�̂†
i

�̂
j

+ c .c .)

| {z }
Kinetic Energy

+
U

2

X

i

n̂
i

(n̂
i

� 1)

| {z }
Interaction Energy

�
X

i

(µ+ �µ
i

)n̂
i

| {z }
Random Chem. Pot.

I Uniform distribution of �µ
i

bounded by ±�
I Again consider J = 0 limit
I Mott lobes separated by regions of smoothly increasing density
I New Bose glass phase between MI and SF
I Mott insulator vanishes for strong disorder



Quasicharge description 
for 1D Josephson-junction chains 

K = ⇡

r
EJ

2E0
=

⇡

⇤

s
EJ

2EQ

L =
1

2⇡K

X

i

[
.
q
2
i

v
� v (qi � qi+1)

2 + ✏0(qi + fi)]

• use quasicharge instead of island charge

• quasicharge qi is charge that has passed through junction i

• well familiar from theory of current-biased small junction (Likharev 
and Zorin 1985)

• Arrive at bosonic form of Luttinger liquid (charge mode) with 
backscattering interactions

v =
2

h

p
E0EJ offset charge 

disorder

✏0(q) ' ES cos(q)• for large               ,           

⇾  describes a sine-Gordon model (in the continuum limit)

EJ/EQ



Bosonization for Bosons

See book by T. Giamarchi, Quantum Physics in One Dimension
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Effective Harmonic-Fluid Approach to Low-Energy Properties
of One-Dimensional Quantum Fluids

F. D. M. Haldane
DePartment of Physics, University of Southern California, I.os Angeles, California 90007,'~'

and Institut Iaue-Langevin, I'-38042 Gxenoble -Bede+, F'vance
{Received 29 December 1980)

A universal description of the low-energy properties of one-dimensional quantum fluids,
based on a harmonic theory of long-wavelength density fluctuations with use of renormal-
ized parameters, is outlined. The structure of long-distance correlations of a spinless
fluid is obtained, showing the essential similarity of one-dimensional Bose and Fermi
fluids. The results are illustrated by application to the one-dimensional Bose fluid with
5-function interaction.

PACS numbers: 67.40.Db, 05.30.-d

A recent study" of the one-dimensional (1D)
Fermi fluid led to a simple low-energy descrip-
tion of it as a "Luttinger liquid": The low-energy
effective Hamiltonian could be based on the spec-
trum of the Luttinger' model (which has a non-
interacting elementary excitation spectrum of
harmonic density fluctuations), plus residual
anharmonic couplings that vanished at low ener-
gies; the structure of the theory was reminiscent
of Fermi-liquid theory. In this Letter I report
that the concept of an effective harmonic-fluid
description applies quite generally to 1D quantum
fluids independent of statistics, and the structure
of their correlations becomes clear once a repre-

sentation of the density operator has been con-
structed to reflect correctly the discrete particle
nature of the fluid. Planar spin chains with axial
symmetry can also be understood as a Bose
fluid of "magnon" excitations about a fully aligned
state. The theory of 1D quantum fluids can be
applied to extract information from the solutions
of exactly solvable (but opaque) models such as
the Bose gas with finite-strength 6-function inter-
action. '
The Fermi fluid results obtained in Ref. 2

through Luttinger model techniques can be ex-
tended to the Bose fluid by considering the spin- —,

'
Luttinger model with attractive 2k & scattering

1840 1981 The American Physical Society



1D Josephson-junction chains as Luttinger Liquids 
• Quantum 1D systems:  ‘Luttinger Liquids’ specified by LL parameter K   

(K → 0  with K/h fixed, classical density ordering)

• ‘Phase slip’ interactions (Coulomb blockade) leads to a Berezinskii-
Kosterlitz-Thouless QPT at  KC=2  at SF-MI,  KC=3/2 SF-BG QPT’s

• For JJ-chains

-

K = ⇡

r
EJ

2E0
=

⇡

⇤

s
EJ

2EQ

But  Chow, Delsing and Haviland (1998) observed SIT in SQUID 
chains at much lower Kc = 0.1 ! 

Can Kc really be so strongly renomalized?
Theory seems to rule this out!     (Choi, Choi, Choi and Lee, 1998)  
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TL = 1.1 (1.5)RQ
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1D Josephson-junction chains as Luttinger Liquids 
• Quantum 1D systems:  ‘Luttinger Liquids’ specified by LL parameter K   

(K → 0  with K/h fixed, classical density ordering)

• ‘Phase slip’ interactions (Coulomb blockade) leads to a Berezinskii-
Kosterlitz-Thouless QPT at  KC=2  at SF-MI,  KC=3/2 SF-BG QPT’s

• For JJ-chains

-

K = ⇡

r
EJ

2E0
=

⇡

⇤

s
EJ

2EQ

But  Chow, Delsing and Haviland (1998) observed SIT in SQUID 
chains at much lower Kc = 0.1 ! 

Can Kc really be so strongly renomalized?
Theory seems to rule this out!     (Choi, Choi, Choi and Lee, 1998)  

• Summary:  two big mysteries, one fundamental, one applied…..

Are these related?  i.e.  what is the connection (if any) between 
Luttinger liquids, the Bose glass and dual Josephson effect?  

K =
⇡p
2

RQ

ZTL

Zcrit
TL = 1.1 (1.5)RQ

also
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There is now a topological classification of gapped phases of free fermions
in any dimension, and many efforts are being made to classify interacting
phases. Important tools in this effort to enumerate and classify phases of
matter are different measures of quantum entanglement, such as entanglement
entropy and entanglement spectra. One distinguishes between short-range
entangled states, such as the symmetry protected states, the integer quantum
Hall states and the Chern insulator, and states with long range entanglement
such as the fractional Hall liquids or the putative spin liquids [6]. The long-
range entangled states are characterised by having fractionalized excitations in
the bulk, the typical example being the fractionally charged quasiparticles in
the Laughlin quantum Hall liquids. The hunt for spin liquids, in both two and
three dimensions, is very much at the forefront of current research, as is the
attempt to realize states where the quasiparticles have nonabelian fractional
statistics [41].

6.2 Quantum simulations, and artificial states of matter

In our discussion of the KT phase transition, we stressed universality, mean-
ing that the same model Hamiltonian describes critical phenomena in very
different physical systems. This universality is however to a very small critical
region in the vicinity of the transition temperature. There is however another
strategy that allows the use of the same Hamiltonian for different systems in
wider parameter ranges. The basic idea goes back to Feynman, who pointed
out that one could hope to solve very hard quantum problems by designing a
quantum simulator.

Such a simulator is itself a quantum system with many degrees of freedom,
but it should be well controlled and designed to embody the important aspects
of the physical system one is attempting to simulate. More precisely, this
means having the correct degrees of freedom and the correct interactions. Cold
atomic gases have turned out to provide a perfect platform for obtaining this
[11]. An important tool in these experiments is the optical lattices that are
formed as an interference pattern by intersecting laser beams.

An example of this is the observation of the KT-transition in a layered
Bose-Einstein condensate of 87Ru atoms. At low temperatures one observes
coherence effects characteristic of the phase with power law correlations, and
at higher temperatures one sees free vortices [20].

We have already mentioned that the KT theory also describes the quantum
phase transition in the one-dimensional XY universality class. Imaginary time
provides the extra dimension, and the control parameter analogous to tempera-
ture is the ratio of two energy scales in the Hamiltonian [12, 49]. In this way,

20

… the KT-transition forms the basis for understanding 
how a one-dimensional chain of Josephson tunnel 
junctions undergoes a zero-temperature transition from 
superconducting to insulating behaviour as the Josephson 
coupling between junctions is tuned [25]. 

2016 Nobel Prize in Physics awarded to Thouless, Haldane, and Kosterlitz

"for theoretical discoveries 
of topological phase 
transitions and topological 
phases of matter"



gc
insulator S

t=T/E0

‘Ohmic’
q. crit.

Insulating regime Supercurrent regime

Superconductor-insulator transition in JJ arrays 
related to Mott-SF transition in optical lattices, 

but can be probed using electrical measurements

g=EJ/E0

Not so simple, however….noise and finite-size effects 
complicate interpretation of data



METHODOLOGY

‘Low budget’ fabrication of Josephson-junction devices

Sirion EBL 

junction and SQUID-chains
up to 20,000 junctions



U= ( VL + VR ) / 2 

V = ( VL - VR ) 
global ‘gate’ potential U -->  ‘chemical potenial'

bias potential V --> chain tilt 

current  
measurement

1D junction chain experiments at UNSW
devices with 25-5000 junctions



measurements down to 11mK

Experimental determination of EQ and EJ 
from large-scale IVC’s
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Cedergren, Kafanov, Smirr, Cole and Duty  
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Vc

Dual Josephson effect in a chain of junctions
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• Need a quantitative and experimental understanding of Vc

• ‘rigid’ quasicharge model eVc/N = max
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Theory of the Bloeh-Wave Oscillations 353 
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Fig. 2. Dispersion curves E(S)(k) of  the Hamiltonian (10) exhibiting allowed energy bands 
for two typical values of  the ratio EQ/Ej: (a) 0.1 and (b) 2.5. The characteristic number  k is 
directly related to the junct ion "quasicharge":  k = q/2e. 
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quasicharge q →

Bloch 
bandwidth W

en
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gy
 →

• For large g (EJ≳EQ), band is sinusoidal, so eVc/N = ⇡W

Vc

v = Aw↵• define scaled (dimensionless) v and w

!p =
p

2EQEJ

plasma frequency v = eVc/N~!p

w = W/~!p ↵ = 1
A = ⇡/2with
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Disorder and pinning of quasi charge 

Vogt et al.  Phys. Rev. B, 2015   

• Maximal offset charge disorder ➞ equivalent to (classical) 
pinning of elastic system by random impurities, e.g. pinning of 
vortices in Type II s.c., charge density waves, …

• Larkin (Fukuyama-Lee, Imry-Ma) length

NL = 3�
2
3⇤

4
3W� 2

3

K ! 0• Classical limit of 1D Luttinger system with 

eVc ⇠
E0

N2
L

length scale over 
which object is rigid v = Aw↵

with

A =
1

2
34/3⇤�2/3

↵ = 4/3depinning “force”
(voltage…critical current 
for vortex pinning)

E0 - elastic energy scale 

Bloch band
elastic energy  E0 random offset 

charges

H =

Z
dx

⇢
(2e)2

2C0
[@

x

q(x)]2 + ✏0 [q(x) + f(x)]

�
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Tuning w (via  ) without using a SQUID configurationg = EJ/EQ



The SQUID
A low (geometrical) inductance SQUID 
acts like a flux-tunable single Josephson 
junction

i.e.   for Lgeom  <<  LJ

� = �2 � �1 = ⇥A

ΦA

SQUID chain
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also tunes plasma frequency

~!p =
q
2EJ(�)EQ

H = EQn
2 � EJ(�) cos ✓

EJ(�) = EJ(0)| cos �|
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v = Aw↵

v = eVc/N~!p

w = W/~!p

Universal scaling of critical voltage

Data departs significantly from 4/3 exponent

note:  quantitative comparison to 
since we experimentally obtain 
screening length 

⇤ =
p
CJ/C0

‘rigid’ quasicharge

compressible quasicharge

(Vogt et al.  Phys. Rev. B, 2015)   

↵ = 1, A = ⇡/2

↵ = 4/3, A = B⇤�2/3
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Fabrication control of the plasma frequency

Ajunc 

[µm2]
Oxidation Rjunc 

[kΩ]
EJ 

[µeV]
EQ 

[µeV]
EJ/EQ Vth 

[mV]
ωp 

0.015 30 s  
0.044 mbar

4.056 167 280 0.60 0.29 306

0.120 10 min 
200 mbar

22.5 30 49 0.61 0.06 54



Where is that pesky SIT ⁈
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Where is that pesky SIT ⁈
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quantum enhancement of the pinning length 

↵ =
4

3� 2K

Luttinger liquid 
pinned by random 
disorder, no fitting!

… a precursor of the SF-BG QPT

Suzumura and Fukuyama (1983) 

Giamarchi and Schulz, PRB 1988 

see also Giamarchi’s book: 

    Quantum Physics in One Dimension
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OK, so prove it! 
New family of chains 50 nm over a buried gold ground plane to 
increase C0 ,    i.e.  decrease Λ, increase K, move closer to transition

⇤ =
p
CJ/C0

v = Aw↵

↵ =
4

3� 2K

cond-mat > arXiv:1702.04386
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https://arxiv.org/list/cond-mat/recent


U
V

 I  ←

C0�U = e, 2e

single electrons, Cooper pairs

periodicity

Gate dependence of conductance dI/dV
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C L

 RF tank  
circuit

• Measured using RF-
reflectometry 

• f ~350 MHz with a few 
MHz bandwidth

Measuring switching from the zero-current state 
in a chain of small Josephson junctions 

voltage ramp



switching histograms vs temperature

• Histograms narrow sharply as temperature increases!
• Remarkably similar to phase diffusion seen in large junctions (usual 

Josephson effect) when there is frequency-dependent dissipation, i.e. 
relatively large noise at the plasma frequency 

Kautz and Martinis (1990),  Krasnov et al. (2005),  Kivioja et al. (2005)
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• Insulating JJ chains are ‘pinned’ Luttinger liquids
• Origin of critical voltage, related to localisation length

• Solved some outstanding mysteries and confirmed an important 
theoretical result

1. Superfluid-insulator transition in chains is to a Bose glass, 
Why does the theory work so well?

                 note:  do not require disorder in EJ, EQ

2. Unlike Mott insulator, the Bose glass is compressible.  
Localised Cooper pairs rearrange randomly  and easily 
under applied voltages — explains lack of success in 
obtaining synchronised current steps

• Universal scaling of the critical voltage:  orders of magnitude in w 
and N, one in plasma freq:  a precursor of SF-BG QPT

JJ chains in the charge regime

Cedergren, Ackroyd,  Kafanov, Vogt, Shnirman and Duty cond-mat > arXiv:1702.04386

https://arxiv.org/list/cond-mat/recent


Critical voltage in SQUID chains

• Parity (even-odd) effect from non-
trivial interplay of flux and charge in 
SQUID chains?

• Chain of N SQUID’s not equiv. to N 
SQUID’s in series?

• Could explain anomalous SIT result 
by Chan, Delsing and Haviland ‘98

Huge surprise!

Not on “the line”.
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Critical voltage in SQUID chains

• Parity (even-odd) effect from non-
trivial interplay of flux and charge in 
SQUID chains?

• Chain of N SQUID’s not equiv. to N 
SQUID’s in series?

• Could explain anomalous SIT result 
by Chan, Delsing and Haviland ‘98

Huge surprise!
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Critical voltage in ‘double’ SQUID chains
i.e. symmetric 3-slit interferometer
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conductance dI/dV
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Open and very important question:
Can we get ever get away from Bose glass to reach 

the Mott insulator state?

theory:  ubiquity of Bose glass tied to ubiquity of  
“maximal” charge disorder

experiment hints that it is not quite maximal. How can we 
reduce offset-charge distribution?        

U
V

 I  ←

Boson Hubbard model with random disorder

H = �J
X

hi ,ji

(�̂†
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+
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2
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Random Chem. Pot.

I Uniform distribution of �µ
i

bounded by ±�
I Again consider J = 0 limit
I Mott lobes separated by regions of smoothly increasing density
I New Bose glass phase between MI and SF
I Mott insulator vanishes for strong disorder



Mott insulator versus Bose Glass

• Maximal offset charge

• In the absence of disorder,  sine-Gordon-like model:            
soliton length

NL =

 
4
p
3⇡2E0

W

!2/3

Ns = 2
p

E0/W

Ns . NL

a ! 0

Ns = 2
p

E0/aW

• Mott insulator becomes ground state when 

• With disorder                        

a  ∝ to drift of random walk

• Also holds when quantum fluctuations are included
Fukuyama J. Phys. Soc. Japan (1978)

Giamarchi, Le Doussal and Orignac, PRB 2001

maximal charge disorder: 
… leads to non-commensurate LL with weak disorder!



Mott insulator versus Bose Glass

• AlOx is known to prefer large numbers of fixed negative 
charges, e.g. used to passivate solar cells

• Deposition of NiOx to dope in holes….

• Use ScOx as barrier material….

• Novel circuit designs?
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Kitaev’s topologically protected qubit 
based on the “current mirror”    

Exponentially protected two-level 
ground state arises from a novel 
quantum phase — a neutral 
superfluid of charge dipoles

supercurrent Is

reflected supercurrent Is

Strongly couple two 
insulating chains such that 
lowest energy excitations 
are CP on one chain, CP 
hole on other

2e
-2e

→ Bose condensation 
of neutral dipoles

Kitaev, arXiv: cond-mat/0609441
 Choi, Choi, Choi, and Lee PRL 1998



Quasi-1D and 2D Josephson-junction arrays

2D square array

Cooper-pair “graphene”

SQUID “ladder”



    quantum critical region:  

• no simple quasiparticle description 

• computationally ‘hard’ (entangled) 

• Does AdS / CFT (gauge-gravity) 
correspondence actually apply to real CM 
systems?  

Quantum phase transitions and 2D quantum criticality
high Tc SC phase diagram with QCP?

ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS2913
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Figure 1 | Probing quantum critical dynamics. a, Phase diagram near the superfluid–insulator quantum phase transition as a function of t/U (hopping
amplitude relative to the on-site repulsion) and temperature T at integer filling of the bosons. The conformal quantum critical point (QCP) at T =0 is
indicated by a blue disk. b, Quantum Monte Carlo data for the frequency-dependent conductivity, � , near the QCP along the imaginary frequency axis, for
both the quantum rotor and Villain models. The data has been extrapolated to the thermodynamic limit and zero temperature. The error bars are statistical,
and do not include systematic errors arising from the assumed forms of the fitting functions, which we estimate to be 5–10%.

filling results in a continuous quantum phase transition from a
Mott insulator to a superfluid, as shown in the phase diagram
in Fig. 1a. The intervening conformal QCP is characterized by a
U(1) conserved charge and belongs to the so-called (2+ 1)D XY
critical universality class. This is the simplest non-trivial CFT in two
dimensions with a continuous symmetry, and it describes a wide
range of critical systems. It is strongly correlated, so that many of
its basic finite-temperature properties remain unknown.

We performed QMC simulations at µ = 0, corresponding to
integer filling, on a quantum rotor model and its Villain version3,14;
these are closely related to the BHM and have been shown to have
QCPs in the same universality class for µ = 0. The details of the
simulations are discussed in theMethods. First, we have determined
the temperature scaling of various thermodynamic quantities in
the quantum critical regime, such as the compressibility (charge
susceptibility), � , and heat capacity, cV , and have confirmed the
CFT predictions:

� =A�

kBT
(h̄c)2

, cV =AcV

✓kBT
h̄c

◆2
(1)

where A� = 0.339(5) for the Villain model, for which the velocity
of ‘light’, c, is known. This result is close to the large-N field theory
estimate of 0.24 (ref. 15). In the case of the quantum rotormodel, c is
not known and so ameaningful quantity to give is the dimensionless
ratio W =AcV /A� = cV/(kBT�), which we found to be 6.2(1), in
excellent agreement with the field theory estimate of 6.14 (ref. 15).
Combining this with the value of A� for the Villain model, we find
AcV =2.1, which lies close to a recent non-perturbative RG result16,
1.8; the field theory estimate15 is 1.5. Exploiting the universality of
Equation (1) it is now possible to estimate c for the quantum rotor
model. In the simulations h̄=1 as well as the lattice spacing a=1;
in that case c has dimensions of energy and it is then natural to
estimate c/U . By calculating�/(kBT )U 2 =A�/(c/U )2 =3.87(3) for
the quantum rotor model, combined with the previous result for A�

obtained from the Villain model, we then find at the critical point
c/U = 0.29(1), in complete accordance with a spin-wave estimate
yielding c/U =p

t/(2U )=0.295 at the QCP. To our knowledge, our
simulations are the first to determine these universal coe�cients.

We now turn to themain result, namely the imaginary-frequency
conductivity in the quantum critical regime, Fig. 1b. It was obtained
by first extrapolating the finite-size data to the thermodynamic
limit, which was facilitated by the fact that much larger system

system sizes were used than previously. Second, we extrapolated to
zero temperature to obtain the universal scaling dependence, the
latter procedure being shown in Fig 2a,b. Both models, although
distinct at the lattice level, show the same conductivity, confirming
the universality of our results. As has been mentioned in the
introduction, to get the observable real-time conductivity one needs
to perform a di�cult analytic continuation. Our main claim is that
holography can be of practical help in this, and below we describe
the crux of the method.

A hand from string theory
We first briefly summarize the holographic computation of � (!/T );
we refer the reader to a number of reviews on AdS/CFT aimed
towards condensed matter applications17–21, and a brief discussion
in the Supplementary Information. The key ingredient in the
calculation is that a current operator in the CFT, Jµ(t , x , y), maps
to a dynamical gauge field in the higher dimensional gravitational
theory, Aµ(t , x , y; r), where r is the coordinate along the extra
dimension, see Fig. 3. The spacetime inwhich the gauge field evolves
is described by the metric:

ds2 = r 2

L2

⇥�f (r)dt 2 +dx2 +dy2⇤+ L2dr 2

r 2f (r)

where f (r)=1� r 30 /r 3, and L is the radius of AdS4. It asymptotically
tends to AdS4 as r ! 1, and contains a black hole whose event
horizon is located at r = r0. The latter allows a finite temperature
in the boundary CFT, which is in fact determined by the position of
the horizon, r0 =T (4⇡L2/3). Heuristically, the Hawking radiation
emanating from the black hole escapes to r =1 and ‘heats up’ the
boundary, where the CFT exists. The behaviour of the gauge field is
determined by extremizing the action22,23:

Sbulk =
Z

d4x
p

�g
✓

� 1
4g 2

4
FabFab +�

L2

g 2
4
CabcdFabF cd

◆
(2)

where Fab =@aAb �@bAa is the field strength (roman indices run over
t , x , y and r) and g4 is the bulk gauge coupling, which determines
the T = 0 conductivity of the CFT: � (!/T ! 1) = 1/g 2

4 . Cabcd
is the Weyl tensor, that is, the traceless part of the Riemann
curvature tensor and � a dimensionless coupling. The conductivity
is obtained by solving the modified Maxwell equation associated
with equation (2) for Fourier modes with frequency !. (The spatial
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2D Bose-Hubbard Model
Witczak-Krempa,Sørensen and Sachdev 
Nature Physics 10, 361 (2014)
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For the future: 

• Can we identify and reduce origin of offset charge and 
reach the Mott insulator?

• Possible new physics in SQUID chains and ladders.    
Non-trivial and unexpected interplay of flux and charge? 
Parity?

• Can we surpass what is possible with real atomic 
systems:  create exotic quantum phases, study quantum 
phase transitions, make novel devices and applications?

• Complex engineered (or synthetic) quantum matter 
using plain old s.c. aluminum. Precise nanofab is the key!


